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MATHEMATICS
4 UNIT (ADDITIONAL)

Time allowed—Three hours
(Plus 5 minutes' reading time)

DIRECTIONSTO CANDIDATES

Attempt ALL questions.
ALL questions are of equal vaue.

All necessary working should be shown in every question. Marks may be deducted for
careless or badly arranged work.

Standard integrals are printed on page 12.
Board-approved calculators may be used.

Each question attempted is to be returned in a separate Writing Booklet clearly marked

Question 1, Question 2, etc. on the cover. Each booklet must show your Student Number
and the Centre Number.

Y ou may ask for extra Writing Booklets if you need them.



QUESTION 1. Use aseparate Writing Booklet.

@

(b)

(©

(d)

(€)

Find Lz
x(Inx)
Find FI[j xe™ dx.

4
showthat b — %8 4 - 1h70.
L (2t-1)(t+6)

Find i(xsin'lx), and hencefind ﬁ[jsin'lxdx.
dx

Ny

dx
o 5+3sinx+4cosx

Using the substitution t = tang, or otherwise, calculate %]

Marks



QUESTION 2. Use a separate Writing Booklet.

(@ Letw =8-2i andw,=-5+3i.

Find wy; + W.

(b) (i) Showthat (1-2i)? =-3-4i.

(i) Hence solvethe equation

7% —5z+(7+i)=0.
() Sketch thelocus of z satisfying:
, 3
() arg(z=4)=-=

@iy Imz=|z|.

(d) A

\ 4

O

The diagram shows a complex plane with origin O. The points P and Q
represent arbitrary non-zero complex numbers z and w respectively. Thus the
length of PQis |z-w|.
(i) Copy thediagraminto your Writing Booklet, and use it to show that
z-w| < |2] + |w].
(i) Congtruct the point R representing z + w.
What can be said about the quadrilateral OPRQ?

(iii) 1f |[z—w|=|z+w|, what can be said about the complex number g?

Marks



QUESTION 3. Use aseparate Writing Booklet. Marks

(@ Let f(x)=-x?+6x-8. 10

On separate diagrams, and without using cal culus, sketch the following graphs.
Indicate clearly any asymptotes and intercepts with the axes.

@) y=f(x
(i) y=|f(9]
(i) y*=f(x)
V) y=—

v) y=e'®

(b) yt : 5

-4 ix:g

Thecircle x? + y2 =16 isrotated about theline x =9 to form aring.
When the circle isrotated, the line segment Sat height y sweeps out an annulus.
The x coordinates of the end-points of Sare x; and —x,, where x; = 16— y“.

(i) Show that the area of the annulusis equal to

/ 2
367716 - y“.

(i) Hencefind the volume of thering.



QUESTION 4. Use aseparate Writing Booklet. Marks
@ (i) Findtheleast positive integer k such that 4
cosD4nD+ isin A0

(i1)

() @

(if)

© O

(ii)

(iii)

(iv)

v)

070 070
isasolution of Z¢=1.
Show that if the complex number wis asolution of 2" =1, then sois w™,

where mand n are arbitrary integers.

Solve x? > 2x +1. 4
Prove by mathematical induction that 2" > n? for all integers N> 5.
Show that, if 0 <X <E’ then

sn(2m+1)x  sin(2m-1)x
sinX sinX

= 2cos(2Mx).

Show that, for any positive integer m,

T
2
#ﬁ cos(2mx) dx = 0.
0

Deducethat, if misany positive integer,
2 §n(2m+1 2 sin(2m-1
+ —_—
ﬁ[] sin( .m )de _ 4] sin( .m )de.
0 sinx 0 sinx
Show that, if m=1, then
L
ﬁ[j S|n(2.m—1)xdxz7_r.
0 sinx 2

Hence show that




QUESTION 5. Use a separate Writing Booklet. Marks

@ (i) Show that sinx +sin3x = 2siN2X COSX. 4

(i) Hence or otherwise, find all solutions of

sinx+sin2x+sn3x=0 for 0<x<2rm

(b) Let f(t)=t3+ct+d, wherec and d are constants. 6
Suppose that the equation f(t) = 0 hasthree distinct real roots, t;, t,, and ts.
(i) Find t; +t, +t5.
(i) Show that t,? +t,2 +t52 = -2c.
(iii) Since the roots are real and distinct, the graph of y= f(t) has two
turning points, at t =u and t =v, and f(u).f(v) <O.
Show that 27d? + 4c® < 0.
(©) y4 S
_2./
Nl
N,
0 X

Consider the parabola y = x°.

Some points (e.g. P) lie on three distinct normals (PN;, PN,, and PN,) to the
parabola.

(i) Show that the equation of the normal to y = x? at the point (t, t2) may be
written as

3, -2y O-x0_
A B‘*DZD‘O'

(i) Suppose that the normalsto y = x? at three distinct points N, (ty, t2),
N, (t5, t,2), and Ns(ts, t52) @l passthrough P(xg, Yo)-
Using the result of part (b) (iii), show that the coordinates of P satisfy

2
>3%EB+

1
Yo D4D 2'



QUESTION 6. Use aseparate Writing Booklet. Marks

(8 Pat observed an aeroplane flying at a constant height, h, and with constant 6
velocity. Pat first sighted it due east, at an angle of elevation of 45°. A short
time later it was exactly north-east, at an angle of elevation of 60°.
(i) Draw adiagram to represent this information.

(i) Find an expression in terms of h for the initial horizontal distance
between Pat and the point directly below the aeroplane.

(iii) In what direction was the aeroplane flying? Give your answer as a
bearing to the nearest degree.

Question 6 continues on page 8



QUESTION 6. (Continued) Marks

(b)

In the above diagram, a circle with centre O and radius r meets a circle with
centre P and radius s at the points V and W. The straight lines VW and OP meet
at M. Thepoint T isarbitrary, and U is the point on the line OP such that TU is

perpendicular to OP.
(i) Provethat OP and VW are perpendicular.
(i) Showthat OT? - PT? = OU? - PU? and that OM? - PM? = 12 - &2,
(iii) Henceshow that T lies ontheline VW exactly when
-PT?=r%-¢%

44

(iv)

Tn

FAEB, BCAD, and DECF are circles with centres O, P, and Q, and radii r,
S, and t, respectively.

Using the result of part (iii), or otherwise, show that the straight lines
AB, CD, and EF are concurrent.



QUESTION 7. Use aseparate Writing Booklet. Marks

T
2
(@ Le In:# (sinx)" dx, wherenisaninteger, n>0. 8
0

(i) Using integration by parts, show that, for n> 2,

| =71
n Dn n-2
(i) Deducethat

I2n:2n—1_2n—3 §.1.7_T

2n 2n-2 42 2
and

o, =20 2n-2 42,

2n+1 2n-1 5 3

(i) Explanwhy I, > I,

(iv) Hence, using thefactthat |,,_1 > I,, and I, > I, Show that

g 2n O, 22.42...(2n)2 I
2pn+10 13252, .(2n-12%(2n+1) 2
(b) A fair coin is tossed 2n times. The probability of observing k heads and 7
(2n-k) tailsisgiven by
H{ = EBnDDld(DlDzn_k
dkHpoeo

(i) Show that the most likely outcome is k =n. That is, show that R, is
greatest when k = n.

. _ (2n)!
(i) Show that B, _—22“(n!)2'

(iii)  Using the result of part () (iii), show that

‘ <Pn<i,
mn+3) Jm

1
+
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QUESTION 8. Use aseparate Writing Booklet. Marks

02 + 2
(& Supposethat p and g arereal numbers. Show that pqu. 1
(b) y4 6

. XXo  YYo _
v/f ' ?S ¥ bi20 =1
* M0 o)
> X
O
N X2 y2
E . ? +¥ =1

2 2
The éllipse E is given by the equation X—2+—2— :
a

Thepoint M(X, Yo) liesinside E, so that XO {;’ <1

Thelinel isgiven by the equation —2 + )L)YO =1.
a

(i) Using the result of part (a), or otherwise, show that the line | lies
entirely outside E. That is, show that if P(xq, ;) isany point on |, then

X1 Vo2
+22>1.
Faara
(i) The chord of contact to E from any point Q(x,,Y,) outside E has
eguation

XX (YY2 _

a2 b?

Show that M lies on the chord of contact to E from any point on .
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QUESTION 8. (Continued)

(©

A particle of mass m travels at constant speed v round a circular track of radius
R, centre C. Thetrack isbanked inwards at an angle 6, and the particle does not
move up or down the bank.

The reaction exerted by the track on the particle has a normal component N, and
a component F due to friction, directed up or down the bank. TheforceF liesin
therangefrom —uN to uN, where u is a positive constant and N is the normal
component; the sign of F is positive when F is directed up the bank.

The acceleration dueto gravity isg.
2

The acceleration related to the circular motion is of magnitude V—, and is
directed towards the centre of the track. R

(i) By resolving forces horizontally and vertically, show that

v_2_ Nsné - Fcos@
Rg Ncosf+Fsing

(if) Show that the maximum speed v, at which the particle can travel
without dipping up the track is given by

Vi tan@+ p

Ry 1-putanf’

[You may supposethat utan@ <1.]

(iii)) Show that if u=tan@, then the particle will not slide down the track,
regardless of its speed.

Marks
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STANDARD INTEGRALS

secax tanaxdx

1
— Xn+1’
n+1

=Inx, x>0

n#-—

1
=-—cosax, a#0

a

= “tanax, a#0

:Esecax, az0
a

1, 41X
=~tan17,
a a

1 X
=sn 12, a>o0
a

:In(x+ \x2—a2)

:In(x+ \x2+a2)

NOTE: Inx=log,X,

az0

—a<Xx<a

, x>a>0

x>0
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1 x#20,ifn<0



