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When examination committees develop questions for the examination, they may
write ‘sample answers’ or, in the case of some questions, ‘answers could include’.
The committees do this to ensure that the questions will effectively assess students’
knowledge and skills.

This material is also provided to the Supervisor of Marking, to give some guidance
about the nature and scope of the responses the committee expected students would
produce. How sample answers are used at marking centres varies. Sample answers may
be used extensively and even modified at the marking centre OR they may be considered
only briefly at the beginning of marking. In a few cases, the sample answers may not be
used at all at marking.

The Board publishes this information to assist in understanding how the marking
guidelines were implemented.

The ‘sample answers’ or similar advice contained in this document are not intended
to be exemplary or even complete answers or responses. As they are part of the
examination committee’s ‘working document’, they may contain typographical errors,
omissions, or only some of the possible correct answers.
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Section 11

Question 11 (a)
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Question 11 (b)
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Question 11 (¢)

Completion of squares gives

w2 +d4x+5=x>+4x+4+1
=(x+2)2+1

Hence

x“+4x+5 (x+2) +1

= tan_](x+2)+C
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Question 11 (d) (i)
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Question 11 (d) (ii)

By de Moivre’s theorem
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z9 =[2 co

=2 cos —9—ﬂj+isin(—9—nD
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=2 cos £)+isin(£)j
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Question 11 (f) (i)
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Question 11 (f) (ii)
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Question 12 (a)

Use a t-substitution

112 2
cos6 = tz d6=—"—di
1+1¢ 1+1
Hence
1
dé
1-cosO
2
= 5 dt
d(1+t2)(1—1_t2]
1+1¢
2
= dt
(1+t2)—(1—t2)

= —cotg +C
2
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Question 12 (b) (i)
22

To get the slope of the tangent at P, differentiate —+ b_2 =1 implicitly with respect to x:
a

2x 2

a b

At P(xo, yo) we get

2x, 2y
L
a b

Hence the slope is

o —2x, y i
a’ 2}’0

_ b "X,

= a2y0

and the equation of the tangent at P is
b*x

Y=Y, =—a2y°(x—x0)
0
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Question 12 (b) (ii)

) b2x0
The slope of the tangent at P is — >

Clyo

2
ayo
> .

bxo

so the slope of the normal is

Hence the equation for the normal is

2
y—y0=ax%x—%)

b2x0
AtN,y=0.
2
Clyo
-y, = X—Xx
= S0,
0
a’y,  a’y,
= P
b2x0 b?
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Question 12 (b) (iii)

Find the x-coordinate of 7 by setting y = 0 in part (i)

b*x
— 0
V=73 @_XJ
asy,
azy(z) = bzxxo - bzx(z)

From the equation of the ellipse

2.2 2.2 _ 2:2
a y0+b Xy =a b
. a’b?® = b3xx
0
Hence
a2
X=—
X0

From part (ii),

2
ON x OT = ezxo Nl
X
0
= 202
= 0S?

since S has coordinates (ae, O) .
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Question 12 (¢)

Use integration by parts

u=(log x\" v =1
(log, )

u' = %(loge x)n_l V=X

Hence
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Question 12 (d) (i)
Rotate z — u; by 90° anti-clockwise:
W, = = i(z—ul)

w1:u1+i(z—u)

Question 12 (d) (ii)
To get w, rotate z — u, by 90° clockwise:
W, = Uy = —i(z - ”2)

W2 :MZ—Z(Z—MZ)

Midpoint of w, and w,:

Loy om,)

=%:u1 +i(z—u1)+u2—i(z—u2)}
=%:u1 +tu, +iz—iz+i(u2 —ul)}
=§:u1 +u, +i(u2—u]ﬂ

The midpoint is independent of z

therefore it is a fixed point.

- 10 -
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Question 13 (a) (i)

Find ¢ as a function of v:

dt 1 40

) 400 -2

([ dv dv
= +
J20+v 20—v

=log, (20 +v)-1log, (20 -v)+C

20+ v
%8 20—
fr=0,v=0

+C

(20-v)e' =20+
20¢' —20 = v + ve'
20(e" ~1) = v(1+¢')
20(e" 1)

e +1

V=

—-11-
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Question 13 (a) (ii)

v _dv
dx dt

V2

=10- —
40

400 -v?
40

FJLVMV

400 -v
x=-20log, (400 v?)+C
x=0ifv=0

0=-20log 400+ C

C =20log, 400

So, x =—20log, (400 - v2) +20log, 400

_ 20(10ge 400 - log, (400 - vz))

= 2010ge (%]
-V

—-12 -
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Question 13 (a) (iii)

From part (i), when r =4

V=

et +1

So from part (ii)

x=20In 400 5
20(e* - 1)
400 - | ——
et 41
=53 m

Question 13 (b) (i)
ZS'RS =« (corresponding angles PQ HRS )
ZPSR=« (alternate angles PQ HRS )

Hence APRS isisosceles with PS = PR

Question 13 (b) (ii)

PR 0§

PSS’ QS

P

S = 03 (as PR = PS from part (i))
PSS’ QS
Hence P—S = i)
oS 0%

(equal ratio of intercepts cut by parallel lines)

—13 -
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Question 13 (¢) (i)

. . . a
The equation of the directrix is x = —.
e

By the focus-directrix definition of a hyperbola,

SP = e X (distance P to directrix)

= e(asec@—g)
e

=aesecO—a

= a(esec@— 1)

Question 13 (¢) (ii)

. oS 0%
F t d part (b) =— = .
rom part (¢) (1) and part (b) PS  PS’

If X, is the x-coordinate of Q, then

ae—x, QS
a(esec@—l) - PS

_9¥
PS’

ae+x0

a(esec(9+1)

Hence

(ae - xo)(esec:G + 1) = (ae + xo)(eseCG - 1)

2ae = 2ex0 secO

a

x =
0 gecB

— 14—
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Question 13 (c) (iii)
Slope of line PQ is
btan®

asecO —
secO

_ btanBsec6
a(secze—l)
_ btanOsecH

atan® 0

_ bsect
atan@

This is the same as the slope of the tangent at P, so QP coincides with the tangent.

- 15 -
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Question 14 (a)

Do a partial fraction decomposition
3x% +8
X (x2 + 4)

_a  bx+c

X x2+44

a(x2 + 4) + (bx + c)x
)c(x2 +4)

Need 3x +8 = a(x2 + 4) + (bx + c)x for all x.

Ifx=0: 8=4a,soa=2
Ifx=1: 11=10+b+c¢
Ifx=-1: 11=10+b-c¢

Solving simultaneous equations: b=1,¢c=0

Therefore

3x% +38
Jx(x2 + 4) =

=2 —dx+—J 2x dx
)X 2) x*+4

—2lnx+ %ln(xz + 4) +C

—-16 -
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Question 14 (b) (i)

Vertical asymptotes: x =0, x = %

Horizontal asymptote: y =0

Vi
|
|
|
|
|
|
|
|
|
|
|
|
|
;
0 | 13
N 2

|
:
|
|
|
|
|
|
|
|

Question 14 (b) (ii)

x(2x—3)

x—1
(x=1)(2x-1)-1
x—1
=2x-1- !
x—1
As x — oo we have —0,s0

x—1

the asymptote /isy=2x—1

—-17 -
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Question 14 (¢)

Let x be the distance from A along AX.

By similar triangles

. . Xd
Hence the length of the base B’C” of a rectangular cross-section is -

circle centre A
radius r
’
A [l
X H
r

Hence the length of the other side of the rectangular cross-section is r?—x?.

. .Xa
The area of the cross-section is 7\/ r?—x2.

The volume is
r
a
—J xV r2 — x% dx
-
0

r 1

=4 X _—1 —2x(r2 — xz)E dx
’
3 r
- _ i(rz _ xz)i
3r
0
3
~2fo-ep
3r
4,
3r
_ar?
3

—18 -
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Question 14 (d) (i)

By the angle in the alternate segment theorem

ZGAP = ZEBP

ZAGP and ZBEP are 90° (given)

Hence AAPG H‘ ABPE (equiangular)

Question 14 (d) (ii)

As AC and BC are tangents, we get
ZCAB = ZCBA and so by part (i) LEAP = ZFBP

(or same argument using alternative segment theorem, as in part (i))

Hence AEAP ||| AFBP.

By the similar triangles from part (i)

EP FP EP PG
—=—and —=—
AP BP PB AP

Hence — = — = ~—— and so EP?> = FP x PG
F EP

—-19 -
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Question 15 (a) (i)

os@f—Jaz
ie 0<a-2Vvab+b

.-.\/Es“;b

Question 15 (a) (ii)
x( y—Xx+ 1) -y

=xy—x’+x-y

=(r=1)(r-x)

>(0 since each factor is non-negative (x 21, y2 x)

x(y—x+1)2y

Question 15 (a) (iii)

From part (i) witha=jandb=n—j+1

\/msj+n;j+l

ie [j(n—j+1) <2

From part (ii)) withx=jand y=n

jln—j+1)=n

oo Ji(n=j+1)24n
\/;SJj(n—j+1)Sn;1

-20 -



(PSR TR 2012 HSC  Mathematics Extension 2 Sample Answers

Question 15 (a) (iv)

Let j take the values from 1 to n. We have

Jn < 1xn s("“]

2

e B <[23)

\/ZS m S(n+1j

Multiplying these:

() <

A
=
X
=
In
N\
S
+
—
N——
=

e (V)

IN

al < (n+1)n
' - 2

Question 15 (b) (i)

Since the coefficients of the polynomial are real, complex zeros occur in pairs of complex
conjugate numbers. Hence O is a zero since & is a zero, and {0 = —IC is a zero since i(¢is a

ZE10.

Question 15 (b) (ii)

P(z) = 7% — 2k + 2k%7% = 2kz + 1
- (z4 _ kP + kzzz) 4 (k2z2 ~ kg + 1)
= (ZZ — kz)z + (kZ - 1)2

=2%(z- k)2 +(kz - 1)2

-21 -
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Question 15 (b) (iii)

2 2
If z is real, then z? (Z - k) and (kz - 1) are real and either positive or zero.

Hence if
P(z)=2(z k) +(ke=1)" =0,
then z(z —k)=0 and (kz—1)=0
We deduce z— k=0 and kz - 1 =0.
Therefore z=kand k* =1, s0 k=1 ork=~-1.

If k=1, then
P(z) =72 (z - 1)2 + (z - 1)2 = (z2 + 1)(z — 1)2.
If k=-1, then

P(z) = 72 (z + 1)2 + (—z - 1)2 = (zz + 1)(z + 1)2.

Question 15 (b) (iv)

If P(z) has real zeros, then from part (iii) the zeros are 1,1,i,—i or —1,—1,i,—i which have
modulus one.

If P(z) does not have real zeros, then the zeros are a,o,io,—ia which are all different

(the assumption is that o#ia ).

The product of the zeros is
a&(ia)(ﬁ): ‘O“4 =1,
SO ‘0{‘ =1.

It follows that the modulus of all zeros is one.

—-22 —
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Question 15 (b) (v)

The sum of the zeros is % =2k,

S0
o+o+io—ia

= (x+iy)+(x—iy)+i(x +iy)—i(x —iy)

=2x—2y
=2k
Hence k= x —y.

(This also applies if P (z) has real zeros.
Ifk=1,thena=1.If k=-1, then x=1i.)

Question 15 (b) (vi)

From part (iv) x2 +y2 =‘0¢‘2 =1, and part (v) y=x — k.
Hence
x2 +(x— k)2 =1
2x% = 2kx + k% =1

2x2 —2kx+ k% —-1=0

To have a solution, the discriminant can’t be negative, so

4K> —8(k2 —1)20

4k +8>0
2> k2

2<k<\2

Alternative: To have a solution, the line x — y = k must meet the circle X+ y2 = 1. This is only

possible if the distance from (O, O) to the line is less than or equal to 1.

‘O—O—k‘_m
2

=
that is, —2 <k <2

IA

L,

—-23 -
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Question 16 (a) (i)

We consider m + n objects with repetition, so the number is
(m + n)! m+n m+n
minl m B n

Question 16 (a) (ii)

The question is equivalent to arranging 10 coins and 3 separators in a row.

From part (i) the number of possibilities is

! 13
L — — 286
10!3! 3

Question 16 (b) (i)
tan(tan_1 x +tan”! y)

tan(tan_1 x) + tan(tan"1 y)

1- tan(tan"1 x)tan(‘[an_1 y)

:1—xy

As ‘x‘<1 and ‘y‘<1 we have

T -1 T
——<tan x < —,

4 4

T -1 T
——<tan  y<—.

4
T _ _ T

Hence —E<tan 'x + tan ly<§ and so

-1 -1 -1
tan (tan(tan X + tan y))

=tan" ' x + tan”! y

= tan™! Xty
1—xy

—24 —
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Question 16 (b) (ii)

Forn=1

1

1 1
Ztan_l Q| = tan_l(—J
j=1 2j 2

as required.

Now assume that for n = k

M=
-
o
=I
/—__\\
\L
Il
M~
—
o
L
7~ N\

J

1 -1
— | + tan”' | ——
2 '2] 2(k+1)°

1

_1( k j NI
tan — | + tan 5
kel 2(k+1)

As k]j—l <1 and ﬁ <1 we can apply the identity from part (i):
2(k+1
k 1
kt1 1 k+1+2(k+1)2
z“tan_l — | = tan™!
j=1 2j° -k 1
(k+1)2(k +1)°
- 2k(k+1)° +k+1
= tan
2(k+1) -k
- (k+1)(2k(k+1)+1)
R EPYENPTE I
[ (k+1)(267 + 26 +1)
= tan~
0 (k+2)(2k2+2k+1)
- fan”!| KL
(k+l)+1

Hence the formula holds for n =k + 1.

—-25—
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Question 16 (b) (iii)

n 1
n+1

1+l
n

As neoo,—l -1
1
I+—

= lim tan"l( n j
n—oo n+1
=tan"'1
_r
4
Question 16 (¢) (i)
n-—1 n-—2 -k+1 k
P(k)zzx( )x( )x...xn—x—
n n n n n

k different numbers from n

1 (n=1) &k
:1xnk_1x(n—k)!><;
_(n-1)1k
_-nk(n——ky

—-26 —
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Question 16 (c) (ii)
For P(k)>P(k-1),

(n=1)tk_ (n=1)1(k=1)

n*(n—k) " (n-k+1)

k(n—k+1)t = n(k—1)(n—k)!
k(n—k+1) = n(k-1)
kn—k*+k > nk—n

ie k’-k-n<0

Question 16 (c) (iii)

1 1
Suppose |n+— >k ——
PPOSE A1 T 2

2
thenn+l> k—l
4 2

ie n+l>k2—k+i

ie n>k(k-1)
Since n, k integers

n=k(k-1)+1

ie n>k’-k+1

2
n> k> —k+i:(k—%j (k is positive)

1
. \/;>k—§

-27 —
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Question 16 (c) (iv)
P(k) is greatest when £ is the greatest integer such that
P(k)=P(k-1)

ie such that K> —k-n <0 (from part (ii))

The positive root of the quadratic equation is

1+V4n+1
2

, which is not an integer since 4n + 1 is not a perfect square.

. we want the largest integer k such that

k<w:l+ l’l+l
2 2\ 4
. 1 1
iesuchthat k ——<,/n+—
2 4

which is equivalent to k — % < \/; (from part (iii) and converse)

. k is the largest integer such that
1
k < 5 + \/;

ie k is the closest integer to \/; .

N | —

ootk

L 2

* * { or

L 2

§‘4>
|~ &
+

§| 1

N | —

- 28 —
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