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1 The Higher School Certificate Program of Study

The purpose of the Higher School Certificate program of study is to:

. provide a curriculum structure which encourages students to complete
secondary education

o foster the intellectual, social and moral development of students, in

particular developing their:

- knowledge, skills, understanding and attitudes in the fields of study
they choose

—  capacity to manage their own learning

—  desire to continue learning in formal or informal settings after
school

—  capacity to work together with others

—  respect for the cultural diversity of Australian society

. provide a flexible structure within which students can prepare for:
—  further education and training
—  employment
—  full and active participation as citizens

o provide formal assessment and certification of students’ achievements

o provide a context within which schools also have the opportunity to
foster students’ physical and spiritual development.
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2 Rationale for Mathematics Advanced,
Mathematics Extension 1 and Mathematics
Extension 2 in the Stage 6 Curriculum

Mathematics is deeply embedded in modern society. From the numeracy skills
required to manage personal finances, to making sense of data in various forms,
to leading-edge technologies in the Sciences and Engineering, Mathematics
provides the framework for interpreting, analysing and predicting, and the tools
for effective participation in an increasingly complex society.

The need to interpret the large volumes of data made available through
technology draws on skills in logical thought and in checking claims and
assumptions in a systematic way. Mathematics is the appropriate training ground
for the development of these skills. The thinking required to enhance further the
power and usefulness of technology in real-world applications requires advanced
mathematical training. The rapid advances in technology experienced in recent
years have driven, and been driven by, advances in the discipline of
Mathematics.

The development of Mathematics throughout history has been catalysed by its
utility in explaining real-world phenomena and its inherent beauty. In this way, the
discipline has continued to evolve through a process of observation, conjecture,
proof and application.

The Mathematics Advanced, Mathematics Extension 1 and Mathematics
Extension 2 courses provide the opportunity for students to acquire knowledge,
skills and understanding in relation to important concepts within areas of
Mathematics that have applications in an increasing number of contexts. These
concepts and applications are appropriate to the students’ continued experience
of Mathematics as a coherent, interrelated, interesting and intrinsically valuable
study that forms a basis for future learning. The introductory concepts and
techniques of differential and integral calculus form a strong basis of the courses,
and are developed and utilised across the courses, through a range of
applications.

Students develop an appreciation of Mathematics as a study with high levels of
internal structure that provide opportunities for the development of logical and
disciplined thought. Through the learning experiences within the courses,
students are able to progress from a knowledge and understanding of facts,
procedures and applications in idealised contexts to facility in the use of
mathematical models that situate the Mathematics in context and provide
information on the behaviour of real-world systems, and to more advanced
generalisations based on deductive and inductive reasoning processes. This
involves the development and use of an increasingly sophisticated level of
communication and literacy.

The courses provide students with the opportunity to study applications of
Mathematics in a range of contexts relevant to contemporary professional
practice, including examples from the Mathematics, Science, Engineering,
Technology, Education, Business and Finance areas.
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3  Continuum of Learning for Stage 6 Mathematics
Extension 2 Students

Stages 1-3

K-6 Mathematics

|

Stages 4 and 5

Years 7-10 Mathematics

|

Stage 6

Preliminary Mathematics
Extension, HSC
Mathematics Extension 1
and HSC Mathematics
Extension 2

|

Workplace
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University courses
TAFE courses

Other
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4 Mathematics in Stage 6

There are five Board-developed Mathematics courses of study for the Higher
School Certificate: (in increasing order of difficulty) Mathematics General 1,
Mathematics General 2, Mathematics Advanced, Mathematics Extension 1,
and Mathematics Extension 2.

Students of the Mathematics General 1 and Mathematics General 2 courses
study a common Preliminary course, Preliminary Mathematics General,
leading to the HSC Mathematics General 1 and HSC Mathematics General 2
courses.

Mathematics Advanced consists of the courses Preliminary Mathematics
Advanced and HSC Mathematics Advanced. Students studying one or both
Extension courses study Preliminary Mathematics Extension course before
undertaking the study of HSC Mathematics Extension 1, or HSC Mathematics
Extension 1 and HSC Mathematics Extension 2.

The following assumptions and recommendations regarding learning from
Stage 5 Mathematics, typically undertaken by students in Years 9 and 10, are
provided in relation to the study of the suite of Stage 6 courses. It is assumed
that students who intend to study the Stage 6 Mathematics General 1 course
have experienced all of the Stage 5.1 content. For students who intend to
study the Stage 6 Mathematics General 2 course, it is recommended that they
experience at least some of the Stage 5.2 content, particularly the Patterns
and Algebra topics and Trigonometry, if not all of the content. For students
who intend to study the Stage 6 Mathematics Advanced course, it is
recommended that they experience the topics Real Numbers, Algebraic
Techniques and Coordinate Geometry as well as at least some of
Trigonometry and Deductive Geometry from 5.3 (identified by §), if not all of
the content. For students who intend to study the Stage 6 Mathematics
Extension 1 course, it is recommended that they experience the optional
topics (identified by #) Curve Sketching and Polynomials, Functions and
Logarithms, and Circle Geometry.

The Preliminary and HSC course components undertaken by students who
study Mathematics General 1, Mathematics General 2, or Mathematics
Advanced, and by students who study Stage 6 Mathematics to Mathematics
Extension 1 or Mathematics Extension 2 level, are illustrated on the following
pages.
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Mathematics General 1 — Preliminary and HSC course components

Preliminary
Mathematics
General

Units: 2
Indicative
hours: 120

HSC
Mathematics
General 1

A\ 4

Units: 2
Indicative
hours: 120

Total indicative hours: 240

Mathematics General 2 — Preliminary and HSC course components

Preliminary
Mathematics
General

Units: 2
Indicative
hours: 120

HSC
Mathematics

\ 4

General 2

Units: 2
Indicative
hours: 120

Total indicative hours: 240

Mathematics Advanced — Preliminary and HSC course components

Preliminary
Mathematics

HSC
Mathematics

A 4

Advanced

Units: 2
Indicative
hours: 120

Advanced

Units: 2
Indicative
hours: 120

Total indicative hours: 240
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Preliminary and HSC course components undertaken by students
studying Stage 6 Mathematics to Mathematics Extension 1 level

Preliminary
Mathematics
Advanced

Units: 2
Indicative
hours: 120

A 4

Preliminary
Mathematics
Extension

Units: 1
Indicative
hours: 60

HSC
Mathematics
Advanced

Units: 2
Indicative
hours: 120

A 4

HSC
Mathematics
Extension 1

Units: 1
Indicative
hours: 60

Total indicative hours: 360

Preliminary and HSC course components undertaken by students
studying Stage 6 Mathematics to Mathematics Extension 2 level

Preliminary
Mathematics
Advanced

Units: 2
Indicative
hours: 120

Preliminary
Mathematics
Extension

Units: 1
Indicative
hours: 60

\ 4

HSC
Mathematics
Advanced

Units: 2
Indicative
hours: 120

\ 4

HSC
Mathematics
Extension 1

Units: 1
Indicative
hours: 60

HSC
Mathematics
Extension 2

Units: 1
Indicative
hours: 60

Total indicative hours: 420

10
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5 Aim (Mathematics Advanced, Mathematics Extension 1,
Mathematics Extension 2 courses)

The calculus-based Mathematics Advanced, Mathematics Extension 1 and
Mathematics Extension 2 courses are designed to promote the development
of knowledge, skills and understanding in relation to important concepts within
areas of Mathematics that have applications in an increasing number of
contexts. This includes the development of deductive and inductive reasoning
skills and the ability to construct, solve and interpret mathematical models.

Students will learn to use a range of techniques and tools, including relevant
technologies, in order to develop solutions to a wide variety of problems
relating to their present and future needs and aspirations.

6 Objectives (Mathematics Advanced, Mathematics
Extension 1, Mathematics Extension 2 courses)

Knowledge, understanding and skills
Students will develop the ability to:

e apply deductive and inductive reasoning, and use appropriate language, in
the construction of proofs and mathematical arguments

e use concepts and techniques, including technology, in the solution of
problems

¢ interpret and use mathematical models in a range of contexts

e interpret solutions to problems and communicate Mathematics in
appropriate forms.

Values and attitudes
Students will develop:

e appreciation of the scope, usefulness, power and elegance of
Mathematics.

11
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7

Course Structure

The following schematic view illustrates the structure of the Mathematics
Extension 2 course.

Mathematics Extension 2 Course

MXX1

MXX2

MXX3

MXX4

MXX5

MXX6

MXX7

Further inequalities

Complex numbers and polynomials over the complex field

Graphs

Integration techniques

Volumes

Mechanics

Modelling with functions and derivatives

12
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Mathematics Extension 2 Stage 6 Draft Syllabus

8.2 Key Competencies

Mathematics Extension 2 provides a context within which to develop general
competencies considered essential for the acquisition of effective, higher-
order thinking skills necessary for further education, work and everyday life.

Key competencies are embedded in the Mathematics Extension 2 Stage 6
Syllabus to enhance student learning. The key competencies are developed
through the methodologies of the syllabus and through classroom pedagogy.
The key competencies of collecting, analysing and organising information and
communicating ideas and information, reflect core processes of mathematical
inquiry undertaken by students as they engage with the various syllabus
topics. Students work as individuals and as members of groups to engage
with applications and modelling tasks. Through this, the key competencies of
planning and organising activities and working with others and in teams are
developed. At all levels of the course, students are developing the key
competency of using mathematical ideas and techniques. Through the advice
provided on the selection and use of appropriate technology, students can
develop the key competency of using technology. Finally, students’ continual
involvement with seeking solutions to problems, both large and small,
contributes towards their development of the key competency of solving
problems.

21



Mathematics Extension 2 Stage 6 Draft Syllabus

Presentation of Content

The course content for the Mathematics Extension 2 course is presented in
seven topics. Within each topic, the material is divided into cohesive
subtopics, each of which contributes to the students’ achievement of one or
more of the course outcomes. It is intended that the prescribed knowledge,
skills and understanding be developed through the study of appropriate tasks
and applications that clearly demonstrate the need for such skills.

The course content for the Mathematics Extension 2 course is presented in
the following format:

1. Initial facing pages for topic

Name of topic

A brief summary of the content/purpose of the topic.

Outcomes addressed

A list of the course outcomes addressed in the study of the topic.

Content summary
A list of the subtopic(s) studied within the topic.

Terminology

A list of key words and/or phrases met in this topic, some of which may be
new to students.

Use of technology

Advice about the nature and use of technology that is appropriate to the topic.

Topic notes
Notes relevant to teaching particular aspects of the topic.
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2. Subsequent facing pages for topic

Name of subtopic
A brief summary of the content/purpose of the subtopic.

Outcomes addressed
A list of the course outcomes addressed in the study of the subtopic.

Students develop the following knowledge, skills and
understanding

The mathematical content to be addressed in the subtopic.

Applications and considerations

The provision of examples indicating the range and style of applications used
to introduce and illustrate the mathematical content of the subtopic, as well as
important considerations for learning and teaching the subtopic.

Use of technology
(a) in learning and teaching, and school-based assessment

The appropriateness, viability and level of use of different types of technology
in the learning and teaching of courses within the Mathematics Key Learning
Area are decisions for students, teachers and schools. However, the use of
technology is encouraged in the learning and teaching, and school-based
assessment, where appropriate, of courses within the learning area. In
accordance with the Broad Directions from the first phase of the development
of the revised Stage 6 Mathematics courses, the use of technology with
capabilities beyond the level of scientific calculators is encouraged in the
learning and teaching, and school-based assessment, of the courses, ie
Mathematics General 1, Mathematics General 2, Mathematics Advanced,
Mathematics Extension 1, and Mathematics Extension 2.

Each of the five Stage 6 syllabuses contain advice and suggestions in relation
to the use of a range of technology in the ‘Use of technology’ and
‘Applications and considerations’ sections within the course content. The
Mathematics Extension 2 Syllabus provides a range of opportunities for the
use of calculators and computer software packages in learning and teaching.
This includes opportunities to utilise the graphing functions and financial and
statistical capabilities of calculators, spreadsheets, and dynamic geometry
and statistics software packages.
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(b) in the HSC examinations

In the HSC examinations for the revised Stage 6 Board-developed
Mathematics courses, candidates will be permitted to use only calculators
manufactured to meet a clear set of Board-prescribed calculator functions and
capabilities. These functions and capabilities will be consistent with and
support the knowledge and skills that students should be able to demonstrate
after completing a course, or courses. The list of functions and capabilities are
being determined in parallel with the development of the content for the
courses and will be completed in conjunction with the finalisation of the
courses following consultation on the draft syllabuses.
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9 HSC Mathematics Extension 2 Course Content

MXX1 Further inequalities

MXX1.1  Proofs involving inequalities — mathematical induction, algebraic,
graphical and calculus techniques

MXX2  Complex numbers and polynomials
over the complex field

MXX2.1  Arithmetic of complex numbers and solving quadratic equations
MXX2.2 Geometric representation of a complex number as a point

and as a vector
MXX2.3 Powers and roots of complex numbers, describing curves and regions
MXX2.4  Fundamental theorem of algebra, factoring polynomials

MXX3 Graphs

MXX3.1  Basic curves, drawing graphs by addition and subtraction
of ordinates, drawing graphs by reflection in coordinate axes
MXX3.2  Sketching functions by multiplication and division of ordinates
MXX3.3 Drawing graphs involving powers and square roots of common
functions
MXX3.4  General approach to curve sketching and using graphs in
problem solving

MXX4 Integration techniques
MXX4.1 Integration techniques

MXX5 Volumes
MXX5.1  Volumes

MXX6 Mechanics

MXX6.1  Mathematical representation of motion described in physical terms and
interpreting in physical terms a mathematical description of motion
MXX6.2 Resisted motion

MXX7 Modelling with functions and derivatives

MXX7.1  Direction fields
MXX7.2  First-order linear differential equations
MXX7.3  Second-order linear differential equations

Total indicative hours 60 hours
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MXX1: Further inequalities

In this topic, students extend their knowledge, skills and understanding in
relation to the logical use of algebra, and deduction and proof.

Outcomes addressed
A student:
HXX1 constructs arguments and proofs in concrete and abstract settings

HXX2 applies algebraic, graphical and calculus techniques in the
construction of proofs involving inequalities

HXX3 constructs proofs involving inequalities

HXX12 communicates abstract ideas and relationships using appropriate
notation and logical argument.

Content summary

MXX1.1 Proofs involving inequalities — mathematical induction, algebraic,
graphical and calculus techniques.
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Terminology

arithmetic mean inequality

deduction mathematical induction
geometric mean proof

Use of technology

Many interesting results can be conjectured by observing patterns in graphs,
and then proved using deductive methods.

Computer algebra systems may assist students to check their work in this
topic.

Topic notes

A combination of graphical, algebraic, calculus and mathematical induction
techniques may be used to solve problems involving inequalities.
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MXX1.1: Proofs involving inequalities — mathematical
induction, algebraic, graphical and calculus
techniques

In this subtopic, students prove inequalities using various techniques, and
prove further results involving inequalities by logical use of previously
obtained inequalities.

Outcomes addressed
HXX1, HXX2, HXX3, HXX12

Students develop the following knowledge, skills and
understanding

e proving inequalities by using the concept that a > b if and only if
(a—b)> 0, forreal a and b

e proving inequalities by using the property that squares of real numbers
are non-negative

e establishing and using the relationship between arithmetic mean and
geometric mean for non-negative numbers

e using mathematical induction to prove inequalities

e proving inequalities by using a combination of graphical and calculus
techniques

e proving further results involving inequalities by logical use of previously
obtained inequalities.
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Applications and considerations

Simple questions, which depend on the concept that a > b if and only if
(a —b) > 0, should be done by students. For example, prove that, when

x, y, z are real and not all equal, x* + y*>+z> > yz+ zx + xy, and deduce that,

. 1
ifalsox +y+z=1,then yz+zx+xy<§.

Establishing the relationship between the arithmetic and geometric mean
often leads to an elegant solution. For example:

a+b

(i) Prove that > \Jab if a and b are positive real numbers.

(i)  Given thatx +y = p, prove that, if x>0, y> 0, then l+l > i and

Xy p

Examples of the application of mixed techniques can be found in the
support material.
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MXX2:

Complex numbers and polynomials

over the complex field

Students learn about representations of complex numbers and methods for
calculating their sums, differences, products, quotients, powers and roots.
Important applications include using complex numbers to define regions and
to factor polynomials.

Outcomes addressed
A student:

HXX1

constructs arguments and proofs in concrete and abstract settings

HXX5 performs arithmetic operations on complex numbers and applies
De Moivre’s theorem in the solution of problems involving powers
and roots

HXX6 uses the relationship between algebraic and geometric
representations of complex numbers

HXX7 uses concepts from the theory of polynomial functions and complex
numbers in the solution of problems involving factors, roots and
coefficients of polynomial functions

HXX12 communicates abstract ideas and relationships using appropriate
notation and logical argument.

Content summary

MXX2.1 Arithmetic of complex numbers and solving quadratic equations

MXX2.2 Geometric representation of a complex number as a point and as a
vector

MXX2.3 Powers and roots of complex numbers; describing curves and
regions

MXX2.4 Fundamental theorem of algebra, factoring polynomials.
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Terminology

Argand diagram imaginary part
Argand plane intersection of regions
argument modulus

complex conjugate polar form

complex number real part

factoring over the real numbers union of regions
factoring over the complex field vector

fundamental theorem of algebra

Use of technology

Some computer algebra systems support complex arithmetic. lllustrations of
graphs of complex valued functions can be found on the internet and show
how the topic develops at a higher level.

Topic notes

Historically, complex numbers were introduced to understand results arising in
the solution of cubic equations, not quadratic equations. It is intriguing that
complex numbers are all that we need to represent solutions of equations of
degree 2 and higher. Some students will be interested to read further in the
history of Mathematics about complex numbers and other ‘numbers’ such as
quaternions.

Although polar form is not explicitly mentioned in the content of subtopic
MX2.2, students should know this terminology as they will encounter it in
wider reading and in later studies.

An important result of this study is the realisation that in Mathematics, different
representations lead to the posing and solution of new problems and
investigations.
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MXX2.1: Arithmetic of complex numbers and solving

quadratic equations

In this subtopic, students are introduction to complex numbers and the
relevant notation.

Outcomes addressed
HXX1, HXX5, HXX7

Students develop the following knowledge, skills and
understanding

using the symbol i, where i* = -1, to solve quadratic equations which do
not have real roots

identifying the real part Re(z) and the imaginary part Im(z) of a complex
number z = x +iy

identifying the condition for a + ib and ¢ + id to be equal

adding, subtracting and multiplying complex numbers written in the form
x +iy

finding the complex conjugate of the number z=x + iy
finding the reciprocal of the number z=x + iy
dividing a complex number a + ib by a complex number ¢ + id

proving that there are always two square roots of a non-zero complex
number

finding the square roots of a complex number a + ib

solving quadratic equations of the form ax® +bx+c =0, where a, b, c are
complex.
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Applications and considerations

Students could be introduced to i as a device by which quadratic equations
with real coefficients could be always solvable. The arithmetic and algebra
of complex numbers would then be developed and it could be shown that
any non-zero complex number has two distinct square roots. This then
leads to the result that a quadratic equation with complex coefficients will
always have two roots.

A diagrammatic representation of sets of numbers showing that the set of
integers is a subset of the set of rationals, which in turn is a subset of the
set of reals, which in turn is a subset of the set of complex numbers, may
be useful. A set which is disjoint to the set of reals is the set of ‘purely
imaginary’ numbers of the form ai where a # 0 is real. Students
sometimes initially confuse ‘complex’ with ‘not real’.

In finding the square roots of a + ib, the statement va +ib = x +iy, where
a, b, x, y are real, leads to the need to solve the equations x* — y* = a and
2xy = b.

Examining graphs of these curves for various values of a and b will lead to
the conclusion that two square roots will always exist for a complex
number.
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MXX2.2: Geometric representation of a complex number as

a point and as a vector

The principal focus of this subtopic is the introduction and application of the
polar and vector forms of a complex number.

Outcomes addressed
HXX1, HXX6, HXX7, HXX12

Students develop the following knowledge, skills and
understanding

using the fact that there exists a one-to-one correspondence between the
complex number a + ib and the ordered pair (a, b)

plotting the point corresponding to a + ib on an Argand diagram
defining the modulus (| z |) and argument (arg z) of a complex number z
finding the modulus and argument of a complex number

writing a + ib in modulus-argument form

proving basic relations involving modulus and argument

using modulus-argument relations to carry out calculations involving
complex numbers

recognising the geometrical relationships between the point representing
z and points representing z, ¢z (c real) and iz

representing complex numbers as vectors on an Argand diagram
given the points representing z,and z,, finding the position of the point
representing z, where z =z +z,

describing the vector representing z = z, + z, as corresponding to the
diagonal of a parallelogram with vectors representing z, and z, as
adjacent sides

given vectors z,and z,, constructing vectors z, — z, and z, — z,
given z, and z,, constructing the vector z, z,

proving geometrically that |z, +z,| <|z | +|z,|.
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Applications and considerations

e The geometrical meaning of modulus and argument for z = x + iy should
be given and the following definitions used:

z|=zz = x>+ )7,
2]

arg z is any value of @ for which x =|z|cos@and y=|z|sin6. While arg z is

commonly assigned a value between — 7 and =, sothat —-r <8<, the
general definition is needed in order that the relations involving arg z given
below are valid.

e Students should be able to prove the following relations:

2
| zizo| = | z1| X | 22|, i:|_1 2" =|z|",
z,| |z
z
arg(zz;) = argz; + arg z, arg{_l} =argz, —argz, arg(z")=nargz,
2,
Z_1+Zzzl+zzs ZIZZ=ZZ~

e The fact that multiplication by i corresponds to an anticlockwise rotation
through 7 /2 about O, that z is the reflection of z in the real axis and that
multiplication by a positive real number ¢ corresponds to an enlargement
about O by a factor ¢, should be used on simple geometrical exercises.

e Familiarity with the vector representation of a complex number is
extremely useful when work on curves and loci is encountered.

e Students need to be able to interpret the expression | z — (a + ib) | as the
magnitude of a vector joining (a, b) to the point representing z.

e Students need to recognise that the expression arg(z —z,) refers to the
angle, which a vector joining the point representing z, to the point
representing z, makes with the positive direction of the real axis.
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MXX2.3: Powers and roots of complex numbers,

describing curves and reqgions

In this subtopic, students use connections between representations of
complex numbers.

Outcomes addressed
HXX1, HXX5, HXX6, HXX7, HXX12

Students develop the following knowledge, skills and
understanding

proving, by mathematical induction, that (cos@+isin8)" =cosnf +isinné
for positive integers n

proving that (cos@+isin#)" = cosnd +isinnéfor negative integers n

finding any integer power of a given complex number

finding the complex n" roots of +1 in modulus-argument form
sketching the n" roots of +1 on an Argand diagram

illustrating the geometrical relationship connecting the n™ roots of +1

given equations Re(z) = ¢, Im(z) = k (c, k real), sketching lines parallel to the
appropriate axis

given an equation | z—z, | = | z—z, |, sketching the corresponding line
given equations | z | = R, | z—z; | = R, sketching the corresponding circles
given equations argz =6, arg(z—z,) = @, sketching the corresponding rays
sketching regions associated with any of the above curves (eg the region

corresponding to the inequality |z—z|<R)

giving a geometrical description of any such curves or regions.
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Applications and considerations

The result (cos@+isinf)" = cosnd +isinndfor negative integers n follows
algebraically from the result for positive n.

Students should realise that points corresponding to the n" roots of 1, or of
—1, are equally spaced around the unit circle with centre O and so form the
vertices of a regular n-sided polygon.

Typical curves and regions are those defined by simple equations or
inequalities, such as

Im(z) = 4, |z=2-3i|=]z-1i], |z—3+4i|=5,
O<argz<rx/2, 0<Im(z)<4, Re(z) > 2.
Simple intersections, such as the region commonto |z | =1 and
0<argz <x/4 and corresponding unions, need to be considered.
Examples need only involve replacing z by z = x + iy in relations such as
2|z| =z+z+4, z+z>0, ‘22 —(5)2‘ <4.
z—1

They need not include discussion of curves such as w = :
z+1

, where z lies

on a unit circle.
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MXX2.4: Fundamental theorem of algebra, factoring
polynomials

In this subtopic students apply results about polynomials to solve problems
involving factors and roots.

Outcomes addressed
HXX1, HXX6, HXX12

Students develop the following knowledge, skills and
understanding

e stating and applying the fundamental theorem of algebra

e deducing that a polynomial of degree n > 0, with real or complex
coefficients, has exactly n complex roots, allowing for multiplicities

e recognising that a complex polynomial of degree n can be written as a
product of n complex linear factors

e recognising that a real polynomial of degree »n can be written as a product
of real linear factors and real quadratic factors

e factoring a real polynomial into a product of real linear factors and real
quadratic factors

e factoring a polynomial into a product of complex linear factors
e writing down a polynomial given a set of properties sufficient to define it
e solving polynomial equations over the real numbers

e solving polynomial equations over the complex numbers.
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Applications and considerations

The ‘fundamental theorem of algebra’ asserts that every polynomial P(x)of
degree n > 0 over the complex numbers has at least one root.

Using this result, the factor theorem should now be used to prove (by
induction on the degree) that a polynomial of degree » > 0 with real (or
complex) coefficients has exactly n complex roots (each counted according
to its multiplicity) and is expressible as a product of exactly n complex
linear factors.

The fact that non-real roots of real polynomials occur in complex conjugate
pairs leads directly to the factorisation of real polynomials over the real
numbers as a product of real linear and real quadratic factors. In particular,
a real polynomial of odd degree always has at least one real root.

Students should be able to factor suitably chosen cubic and quartic
polynomials over both the real and complex numbers.

Students should be able to factor polynomials with a degree greater than 4
in cases where factors are possible to obtain by other than the remainder

theorem (eg x° -1, z° +16z).

The question as to whether formulae for solving cubic, quartic or higher
degree polynomial equations, similar to the formula for solving quadratic
equations, can be constructed arises naturally here and could be explored.
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MXX3: Graphs

In this topic, students build on their knowledge and understanding of the
graphs of basic functions to draw graphs of more complex functions. The
behaviour of functions and their derivatives underpins this work.

Outcomes addressed
A student:

HXX4 combines the ideas of algebra and calculus to determine the
features of graphs.

Content summary

MXX3.1 Basic curves, drawing graphs by addition and subtraction of
ordinates, drawing graphs by reflecting functions in coordinate axes

MXX3.2 Sketching functions by multiplication and division of ordinates

MXX3.3 Drawing graphs involving powers and square roots of common
functions

MXX3.4 General approach to curve sketching and using graphs in problem
solving.
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Terminology

critical point reflection
implicit differentiation transformations
ordinates translation
rectangular hyperbola vertical tangent
Use of technology

Graphing technology is a way for teachers to demonstrate some of the
principles here, and provides a platform for students to experiment with the
effects on graphs that follow changes with equations of functions. Some
connections are made obvious by considering a third function representation:
a table of values. Spreadsheets are useful here.

Topic notes

The emphasis throughout this topic is on understanding the connections
between the algebraic representation of a function and its graph. Properties of
functions that are related to concepts such as derivatives, discontinuities and
limits assist in the sketching of graphs, and this process also assists in
learning about the concepts themselves.
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MXX3.1: Basic curves, drawing graphs by addition and
subtraction of ordinates, drawing graphs by
reflecting functions in coordinate axes

In this subtopic, students revise graphs of basic functions and extend their
knowledge and skills to straightforward transformations of these.

Outcomes addressed
HXX4

Students develop the following knowledge, skills and
understanding

e graphing a linear function (ax + by + ¢ =0, y = mx + b)
e graphing a quadratic function ( y = ax® + bx + ¢)

e graphing a cubic function ( y = ax’ + bx* + cx + d)

e graphing a quartic function ( y = ax* + bx’ + ex* + dx + e)
e graphing a rectangular hyperbola ( xy = k)

e graphing a circle (x* +)* +2gx + 2fy + ¢ =0)

e graphing an exponential function ( y = &" for each of the cases ¢ > 1 and
0<ac<l)

e graphing a logarithmic function ( y = log,x)

e graphing trigonometric functions (eg y = k + a sin(b(x — ¢)),
y =k + asin(bx + ¢))

e graphing inverse trigonometric functions ( eg y = a sin 'bx)

1 1
e graphing the functions y =x2 and y = x*

e graphing a function y = f(x) + ¢ by initially graphing y = 1'(x)

e graphing a function y =f(x) £ g (x) by initially graphing y =f(x) and
y=gx)

e graphing y =—f(x) by initially graphing y = f(x)
e graphing y =|f(x)| from the graph of y = f(x)
e graphing y = f(—x) by initially graphing y = 1'(x).
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Applications and considerations

The notations log, x and Inx are used to denote the natural logarithm of x
and students should be familiar with both notations.

Students will need to be able to produce quickly a neat sketch of these
basic functions in order to use them in sketching further functions.

1

Students need to examine the behaviour of the derivatives of y = x> and
1

y= x3 near x = 0 and investigate the behaviour of these functions at x = 0.

They must be familiar with the term ‘critical point’ and with the possibility of
curves having vertical tangent lines at points on them.

Typical functions involving addition of ordinates could include
y=1+3sin2x for —27 < x<2x and y =cos™ x— 7 . Students should
realise that the graph of y =3sin2x can be transformed to the graph of
y =1+3sin2x by either translating the graph one unit upwards or
translating the x-axis one unit in the opposite direction.

Other types could include graphing functions such as f(x) = 3sinx+x for

0 <x < 4. This may be developed from the graphs of y = x and y = 3 sin x.
The points where y = 3 sin x cuts the x-axis correspond to the points where
y =3 sinx + x cuts y = x. Once the shape of the curve has been roughed
out using addition of ordinates the position of stationary points and points
of inflexion may be obtained when appropriate.

A function such as y =-log, x may be graphed by reflecting the graph of
vy =log, x in the x-axis. The graph of y =2 —-log, x may then be obtained
by a suitable translation.

The relationship between the graphs of y = f(x) and of y = f(x—a)

should be discussed and used also in examples involving the reflection
properties, such as, for example, the graph of y = |1 —sin(x-2)|.
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MXX3.2: Sketching functions by multiplication and division
of ordinates

In this subtopic, students graph functions that are related to given functions in
simple ways by using properties from algebra and calculus.

Outcomes addressed
HXX4

Students develop the following knowledge, skills and
understanding

e graphing a function y = ¢f(x) by initially graphing y = f(x)
e graphing a function y = f(x)x g(x) by initially graphing y = f(x) and y = g(x)

e graphing a function y = % by initially graphing y = f(x)

e graphing a function y = LX; by initially graphing y = fix) and y = g(x).

g(x
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Applications and considerations

A good initial idea of the behaviour of functions of the form f'g may be
obtained by examining the graphs of fand g independently.

To graph y = xe *the functions y =x and y =¢™ may first be graphed on
the same set of axes.

\}H = M
y=g¥

e "
3] s 0 =
Fig 1 Fig 2

From Figure 1, important features of the graph of y = xe™* can be
obtained. These include properties that
o forx<0,xe"<0;forx=0,x¢e"=0;for x>0,xe" >0.

O aS x— -, xe ——w;asS x > oo, xe —0.

This enables a rough shape to be quickly sketched (Figure 2). The exact
positions of the stationary point and point of inflexion may be determined

by calculus.

Teachers may prefer to introduce more formally the following results:

n

Ly . X
For n a positive integer, — — 0 as x — .
e

n

—> 0 a8 X — oo,

For n a positive integer, >
Inx

The graph of y =1/ f(x) may be sketched by first sketching y = f(x).Where
f(x)=0, 1/ f(x) is undefined; where f(x)>0, 1/ f(x)>0;where f(x)<0,
1/ f(x)<0. As well, when f(x)is increasing then 1/ f(x) is decreasing and

vice versa.

The graph of y = f(x)/g(x) may be sketched by initially sketching f(x) and
g(x).Where f(x)=0, f(x)/g(x)=0and where g(x)=0, f(x)/g(x) is
undefined and a discontinuity (but not necessarily a vertical asymptote) exists.
Examination of the signs of f(x)and g(x)will lead to finding the intervals
where f(x)/g(x)is positive and where it is negative. These results can be
used together with the approach to graphs which are products of functions to
obtain an idea of the shape of a function.
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MXX3.3: Drawing graphs involving powers and square roots
of common functions

In this subtopic, students graph functions that are related to given functions by
using properties from algebra and calculus.

Outcomes addressed
HXX4

Students develop the following knowledge, skills and
understanding

e graphing a function y =[7(x)]", where n is a positive integer, by first
graphing y = f(x)

e graphing a function y =,/ f(x), by first graphing y = f(x).
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Applications and considerations

e Thegraphof y= [f(x)]” , Where n is a positive integer, may be drawn by
sketching y = f(x) and realising that, since its derivative is
n[f ()] f'(x) then all stationary points and intercepts on the x-axis of
y = f(x) are stationary points of y =[f(x)]".
Other features worth examining include the properties that if |f(x)| >1,

then ‘[f(x)]" >|f(x)| and that if 0 <|/(x)| <1 then 0<‘[f(x)]" <|f).

Further, if nis even, [ f(x)]" 20 for all x but if n is odd, [ f(x)]" > 0for
f(x)>0 and [f(x)]" <0 for f(x)<0.

e The graph of y =,/ f(x) may be developed from the graph of y = f(x) by
noting that

—  y=4f(x) isdefined only if f(x)>0
— 4/ f(x) 2 0for all x in the natural domain

- NS <f)If fO)>1, {f(x)=f(x)if f)=1, {f(x) > f(x) if
0< f(x)<1

AC) : "
— Ify=4f(x) then y = . This leads to the position of
2y f (%)

stationary points and the existence of critical points.

Hx _21) a rough sketch of y = >~ can first be drawn
X — X —

and then the above ideas used to sketch the function.

e Tosketch y=
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MXX3.4: General approach to curve sketching and using

graphs in problem solving

In this subtopic, students apply the methods of the previous subtopics to the
solution of inequalities and other mathematical problems.

Outcomes addressed
HXX4

Students develop the following knowledge, skills and
understanding

using implicit differentiation to compute % for curves given in implicit
X

form

using an appropriate method to graph a given function or curve

applying the techniques of this topic to a function whose equation is not
given, but whose graph is given

solving an inequality by sketching an appropriate graph
finding the number of solutions of an equation by graphical considerations

solving problems using graphs.
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Applications and considerations

The graph of a function could be obtained by using techniques which
utilise basic functions together with consideration of features such as
discontinuities, finding the domain of a function, investigating the
behaviour of the function in the neighbourhood of x = 0, considering the
behaviour of the function for x large, testing whether a function is odd or
even, plotting points and deciding on positions of stationary points,
critical points and points of inflexion.

4

Examples of curves to be graphed include y = ——, y = x’e™,

sin x

y=xIn(x*-1), y*=x"-9x, ¥’ +2y° =4, y= ,and y =xcosx.

Typical inequalities could include absolute values

x*+1

2
X

(eg |x|t]x—1> 4), rational functions (eg < 1) and trigonometric

functions (eg sin2x > % ).

The number of roots of an equation can be investigated graphically (eg
find the number of solutions of x* —kx*> +k =0 for varying values of k).

Graphs often give elegant solutions to problems which would be difficult
to solve by other means.
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MXX4: Integration techniques

In this topic students learn a range of integration techniques and apply them
to definite and indefinite integrals.

Outcomes addressed
A student:

HXX9 uses integral calculus in the solution of problems requiring the use
of integration tables, identification and use of appropriate
substitutions, partial fractions, integration by parts, and recurrence
formulae

HXX12 communicates abstract ideas and relationships using appropriate
notation and logical argument.

Content summary
MXX4.1 Integration techniques.
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Terminology

distinct factors partial fractions
integration by parts recurrence relations
integrand trigonometric substitution
Use of technology

Computer algebra systems are useful for checking integrals. However, the
output may not be in standard form.

Topic notes

This topic includes essential skills for students who are continuing in the study
of Mathematics. The study of integration techniques provides practice in
manipulating common functions and in problem solving.

Various techniques for finding partial fractions are described in the support
material. Note that the integration of rational functions is restricted to cases
where the denominator is at most a product of simple linear or quadratic
factors. (That is, cases where repeated factors occur are not included in this
course.)
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MXX4.1: Integration techniques

In this subtopic, students learn a range of integration techniques and apply
them to definite and indefinite integrals.

Outcomes addressed
HXX9, HXX12

Students develop the following knowledge, skills and
understanding

using a table of standard integrals

changing an integrand into an appropriate form using algebra
evaluating integrals using algebraic substitutions

evaluating simple trigonometric integrals

evaluating integrals using trigonometric substitutions
evaluating integrals using integration by parts

deriving and using recurrence relations

integrating rational functions by completing the square in a quadratic
denominator

integrating rational functions whose denominators have simple linear or
quadratic factors.
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Applications and considerations

Some of the results listed in the standard integrals table will need to be
established as an appropriate method is developed.

Some integrals may, through using simple algebra, be changed into a form

2
which can be integrated, egj(x“j dx , S —

X Vx®+1
Only simple substitutions are needed, eg u=1+x’ in Ix(1+x2)4dx,

v =1-x in | —2—dx. The effect on limits of integration is required, and
V1—x

definite integrals are to be treated.

Include squares of all trigonometric functions, and those which can be
/4 /4

found by a simple substitution, eg Isin22xdx, jsinzxcosxdx,

0 0
/4

Isin2 cos® xdx.
0

Typical substitutions would be x=atan@ and ¢ = tang in integrals such as

J dx ’J sin‘é’ 10
a’+x? 2+sin@

Work on integration by parts should include the integrands sin™" x,
e™ coshbx, Inx, x"Inx (n an integer).

Integration by parts should be extended to particular types of recurrence

/2 1
relations, eg jx”exdx, Icos”xdx. (Relations such as, Ix’”(l—x)" dx which
0 0

involve more than one integer parameter, are excluded.)

Examples should include cases to be integrated using a sum or difference

dx dx 3x+2
of two squares, eg 5 , 5 , 5 dx .
x°—4x-1 3x°+6x+10 x°—4x+1

Only rational functions, whose denominators can be broken into a product
of distinct linear factors, or of a distinct quadratic factor and a linear factor,
or of two distinct quadratic factors, need to be considered, eg

Ox-2 3x? =2x+1 2x? +3x—1
> dx, > 5 dx , #dx.
2x°—=Tx+3 (x +1)(x +2) x —x"+x-1

Cases where the degree of the numerator is not less than the degree of the
denominator are to be considered.
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MXX5: Volumes

In this topic, students learn to extend the method in the Mathematics
Advanced course for finding the volume of a solid formed by revolution.
Circular and annular cross-sections are used, as are cylindrical shells and
cross-sections of similar shapes.

Outcomes addressed

A student:

HXX10 uses the techniques of slicing, cylindrical shells and similar cross-
sections to calculate volumes.

Content summary
MXX5.1 Volumes.
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Terminology
annular cross-section cylindrical shells
circular cross-section solid of revolution

cross-sections of similar shapes

Use of technology

Simulations, animations and videos provide visual illustration of the physical
situations being described.

Topic notes

The purpose of this topic is to provide practical examples of the use of a
definite integral to represent a quantity (in this case, a volume) whose value
can be regarded as the limit of an appropriate approximating sum. Emphasis
is to be placed on understanding the various approximation methods given,
deriving the relevant approximate expression for the corresponding element of
volume and proceeding from this to expressing the volume as a definite
integral.

The evaluations of infinite series by a definite integral, or of integrals by
summation of series, are not included in this topic.
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MXX5.1: Volumes

In this subtopic, the method of finding the volume of a solid formed by
revolution around an axis is revised, emphasising the formation of a sum and
the evaluation of the limiting value of that sum by integration. The method is
adapted for shapes with annular cross-sections, and for shapes with cross-
sections that are not necessarily circular, but are similar. The method of
cylindrical shells can be used for checking some results obtained by other
methods, and also can be used in some situations where other methods are
not appropriate.

Outcomes addressed
HXX10

Students develop the following knowledge, skills and
understanding

e describing the common features of the methods used here: by dividing a
solid into a number of slices or shells, whose volumes can be simply
estimated, the volume of the solid is the value of the definite integral
obtained as the limit of the corresponding approximating sums

e finding the volume of a solid of revolution by summing the volumes of
slices with circular cross-sections

e finding the volume of a solid of revolution by summing the volumes of
slices with annular cross-sections

e finding the volume of a solid of revolution by summing the volumes of
cylindrical shells

e finding the volume of a solid which has parallel cross-sections of similar
shapes

e choosing an appropriate method from those given above, and giving
reasons for that choice.
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Applications and considerations

Volumes of revolution could lead, from questions involving rotation about a
coordinate axis, to rotation about a line parallel to a coordinate axis, eg

find the volume of the solid formed when the region bounded by y = 2Vx,
the x-axis and x = 4 is rotated about the line x = 4.

Students should be encouraged to draw a sketch of the shape of the
volume to be found and a sketch of a cross-sectional slice. They should
then derive an expression for the volume of a cross-sectional slice in a
form which leads directly to an expression for the total volume as an
integral.

Example involving annular cross-sections:

The region bounded by the curve y =(x—1)(3—x) and the x-axis is rotated
about the line x =3 to form a solid. When the region is rotated, the
horizontal line segment at height y sweeps out an annulus. Find the
volume of the solid.

A formula for summing by cylindrical shells should not be learnt. Each
problem should rather be developed from first principles.

The process of writing the limiting sum as an integral should be extended
to cases where cross-sections are other than circular. These cases should
only involve problems in which the geometrical shape is able to be
visualised, eg prove that the volume of a pyramid of height # on a square

base of side a is %azh.
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MXX6: Mechanics

In this topic, students apply techniques from calculus to model physical
systems and predict the behaviour of objects that are under the influence of
forces such as gravity and air resistance. A high level of problem-solving skill
is developed and applications require the use of techniques from other
sections of the course.

Outcomes addressed
A student:

HXX1 constructs arguments and proofs in concrete and abstract settings

HXX8 solves first-order and second-order ordinary linear differential
equations

HXX11 formulates and solves ordinary differential equations arising in
mathematical modelling situations

HXX12 communicates abstract ideas and relationships using appropriate
notation and logical argument.

Content summary

MXX6.1 Mathematical representation of motion described in physical terms,
and interpreting in physical terms a mathematical description of
motion

MXX6.2 Resisted motion.
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Terminology

horizontal component simple harmonic motion
Newton’s laws vertical component
projectile

Use of technology

Simulations, animations and videos provide visual illustration of the physical
situations being described.

Topic notes

The purpose of this topic is to provide experience in applying calculus
techniques to the solution of a range of physical problems. The connections
between mathematical representations and physical descriptions of motion is
an essential part of Applied Mathematics.

Students develop problem-solving skills as they choose a suitable
representation for a physical phenomenon.
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MXX6.1: Mathematical representation of motion described
in physical terms and interpreting in physical terms
a mathematical description of motion

The principal focus of this subtopic is on modelling the motion of objects in
situations where resistance is ignored.

Outcomes addressed
HXX1, HXX8, HXX11, HXX12

Students develop the following knowledge, skills and
understanding

e deriving the equations of motion of a projectile

e using equations for horizontal and vertical components of velocity and
displacement to solve problems on projectiles

e writing down equations for displacement, velocity and acceleration given
that a motion is simple harmonic

e using relevant formulae and graphs to solve problems on simple
harmonic motion

e using Newton’s laws to obtain equations of motion of a particle in
situations other than projectile motion and simple harmonic motion

e describing mathematically the motion of particles in situations other than
projectile motion and simple harmonic motion.

e given ¥ = f(x) and initial conditions, deriving v* = g(x) and describing the
resultant motion
e recognising that a motion is simple harmonic, given an equation for either

acceleration, velocity or displacement, and describing the resultant
motion.
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Applications and considerations

Students should be able to represent mathematically, motions described in
physical terms. They should be able to explain, in physical terms, features
given by mathematical descriptions of motion in one or two dimensions.

The classical statement of Newton’s first and second laws of motion
should be given as an illustration of the application of calculus to the
physical world. Resolution of forces, accelerations and velocities in
horizontal and vertical directions is to be used to obtain the appropriate
equations of motion in two dimensions.

A typical example on simple harmonic motion: The deck of a ship was

2.4 m below the level of a wharf at low tide and 0.6 m above wharf level at
high tide. Low tide was at 8:30 am and high tide at 2.35 pm. Find when the
deck was level with the wharf, if the motion of the tide was simple
harmonic.

Other examples may be found in the support material.
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MXX6.2: Resisted motion

The principal focus of this subtopic is the construction of models to describe
the motion of objects undergoing resistive forces.

Outcomes addressed
HXX1, HXX8, HXX11, HXX12

Students develop the following knowledge, skills and
understanding

Resisted motion along a horizontal line

e deriving, from Newton’s laws of motion, the equation of motion of a
particle moving in a single direction under a resistance proportional to a
power of the speed

e deriving an expression for velocity as a function of time (where possible)

e deriving an expression for velocity as a function of displacement (where
possible)

e deriving an expression for displacement as a function of time (where
possible).

Motion of a particle moving upwards in a resisting medium and under the
influence of gravity

e deriving, from Newton’s laws of motion, the equation of motion of a
particle, moving vertically upwards in a medium, with a resistance R
proportional to the first or second power of its speed

e deriving expressions for velocity as a function of time and for velocity as a
function of displacement (or vice versa)

e deriving an expression for displacement as a function of time

e solving problems by using the expressions derived for acceleration,
velocity and displacement.

Motion of a particle falling downwards in a resisting medium and under the
influence of gravity

e deriving, from Newton’s laws of motion, the equation of motion of a
particle falling in a medium with a resistance R proportional to the first or
second power of its speed

e determining the terminal velocity of a falling particle from its equation of
motion

e deriving expressions for velocity as a function of time and for velocity as a
function of displacement

e deriving an expression for displacement as a function of time

e solving problems by using the expressions derived for acceleration,
velocity and displacement.
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Applications and considerations

Typical cases to consider include those in which the resistance is
proportional to the speed and to the square of the speed.

Analysis of the motion of a particle should include consideration of the
behaviour of the particle as t becomes large. Graphs offer assistance in
understanding the behaviour of the particle.

Cases, other than where the resistance is proportional to the first or
second power of the speed, are not required to be investigated.

Students should be advised to place the origin at the point of projection.

The maximum height reached by the particle can be obtained from the
expression relating speed and displacement.

The time taken to reach this maximum height can be obtained from the
expression relating speed and time.

Problems should include cases where the magnitude of the resistance is

. 1,
en(eg R=—v").
given (eg 1Ov)

Cases, other than where the resistance is proportional to the first or
second power of the speed, are not required to be investigated.

Students should place the origin at the point from which the particle
initially falls.

If the motion of a particle both upwards and then downwards is
considered then the position of the origin should be changed as soon as
the particle reaches its maximum height. Care must then be taken in
determining the correct initial conditions for the downward motion.

The terminal velocity can be calculated from the equation of motion by
finding ¥whenx =0.

The time taken for the particle to reach ground level should be found.

Problems should include a study of the complete motion of a particle,
projected vertically upwards, which then returns to its starting point. For
specific resistance functions, comparisons should be made between the
times required for its upward and downward journeys and between the
speed of projection and the speed of its return.
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MXX7: Modelling with functions and derivatives

In this topic students learn techniques for solving a limited range of differential
equations, and also see the connections between previously unrelated
functions of a real variable that are possible through the use of complex
numbers.

Outcomes addressed
A student:

HXX1 constructs arguments and proofs in concrete and abstract settings

HXX8 solves first-order and second-order ordinary linear differential
equations

HXX11 formulates and solves ordinary differential equations arising in
mathematical modelling situations

HXX12 communicates abstract ideas and relationships using appropriate
notation and logical argument.

Content summary
MXX7.1 Direction fields

MXX7.2 First-order linear differential equations
MXX7.3 Second-order linear differential equations.
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Terminology

complex function non-linear DE

complex variable second-order homogeneous DE
DE (differential equation) second-order linear DE

direction field
first-order linear DE

Use of technology

While by-hand skills for equation solving are essential for students in this
course, graphing technology is an excellent means of exploring many of the
concepts studied in this topic. The use of graphing technology is encouraged
in learning and teaching. For example, graphing calculators and computer or
hand-held spreadsheet applications are ideal for investigating direction fields.

Topic notes

This topic reveals the power of calculus to model real world systems. First-
order differential equations are introduced and related to previously studied
examples. Some simple types capable of straightforward solution are studied.

Second-order differential equations are introduced again via some simple
examples. The case of homogeneous linear second-order differential
equations is then examined further. Previously studied examples are then
related, via the use of complex numbers, and lead to a plausible argument
suggesting how to define the function f(¢) = ¢" for a real variable ¢, and hence
for the general complex variable z = x +iy. As a result, relations are obtained
connecting the exponential and trigonometric functions. In particular, Euler’s

famous identity ¢'” = -1 is derived.

The mathematical idea of a function as a solution to a differential equation is
fundamental to this course. A light treatment of direction fields will help to
establish this idea. A balance of abstract ideas and applications to real-world
modelling is sought.

Models from the physical and biological sciences, engineering, population
studies and finance will be used to demonstrate the wide applicability of
modelling with functions and derivatives.
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MXX7.1: Direction fields

The focus of this subtopic is a graphical introduction to differential equations
and their solutions through the interpretation of direction fields.

Outcomes addressed
HXX12

Students develop the following knowledge, skills and
understanding

recognising that an equation involving a derivative is called a differential
equation, and that solving a differential equation involves finding a function
which, with its derivative, satisfies the differential equation

recognising that solutions to differential equations (if they exist) are
functions that may not be unique, and that particular solutions may be
found if initial conditions are given

forming a direction field (slope field) from simple differential equations

recognising the shape of a direction field from several alternatives, given
the form of a differential equation, and vice versa

sketching several possible solution curves on a given direction field

sketching the graph of a particular solution given a direction field and initial
conditions.
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Applications and considerations
e The general first-order differential equation

d

&= A(x,y), (1)

dx

where 4 is a function of the two variables x and y, may or may not have a
solution y = f(x) in which the function fis expressible in terms of known

functions. This topic restricts the study of differential equations to some
simple important cases where f’is so expressible, but initially, (1) is
interpreted as describing a ‘direction field’ in the Cartesian plane. This
leads to an understanding that, in general, the solution of (1) is a family of
curves and that additional information has to be given to obtain a unique
solution.

e Example: solve the DE % = 2x, to obtain the family of solutions
X

y =x”+C . Observe that each solution is a function of x and that, for a

given solution, eg y = x* +1, the DE expresses the slope of the solution

curve at the point (x, y) on it. Note that a unique solution is obtained if the
value of y is specified for one given value of x.

e Usethe DE Z—y = 2x, and a starting point (eg (1,1)) to ‘build up’ the
X

solution curve to the DE, passing through the starting point, by
constructing successive small linear segments with slopes given by the
DE.

e Extend this to show how a ‘direction field’ or ‘slope field’ can be imagined
covering the Cartesian plane with the family of solution curves to the DE.

dy

e Examples of direction fields to be sketched by hand include . =c,
X
& =cx, @ =cy, Y = cxy Where c is a given constant.
dx dx dx
e Examples of direction fields to be sketched with technology include the
direction field for ? = —f, where the solution curves are circles centre
oy
(0,0).
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MXX7.2: First-order linear differential equations

The principal focus of this subtopic is recognising and solving first-order linear
differential equations of two simple kinds. Students have met some of these
before in other topics, and here they learn that the equations they have met
before are particular kinds of a general case.

Outcomes addressed
HXX8, HXX11, HXX12

Students develop the following knowledge, skills and
understanding

recognising the features of a first-order linear differential equation

recognising that the population models of previous topics are first-order
linear differential equations, with known solutions

investigating the solutions of first-order linear DEs

defining appropriate independent and dependent variables in a problem
situation

constructing a differential equation to model a problem situation
identifying initial conditions (if any) from the context of the problem

solving the resulting DE and finding a particular solution using the initial
conditions

checking that the solution to a differential equation gives appropriate
results, especially for large values of the independent variable

if necessary, restricting the domain of the solution to give a reasonable
result.
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Applications and considerations

A first-order DE has only the first derivative appearing in it (not the second or
higher derivatives).

A linear first-order DE with solution function £{¢) has fand its first derivative

occurring to the first degree only. Examples include Z—C+g(t)f =c(t),
%+ t*f =sint; while %+ 3f? =2 is first order but not linear because of

the term f~.
af

For a first-order linear DE of the form o = c¢(t), the solution is equivalent to
t

the finding of a primitive function F(¢) for c(¢): if F'(t) = c(¢), then the

equation is /A = d—F SO i(f—F) =0 and f(¢)= F(t)+C is the solution
dt dt dt
for any constant C.

e 4 daf

Z+ g(t)f =c(t) is of the form E+ kf = c, with k and ¢ constants, then
its solution is known from previous work in population models, and is

f(t)=Ae™ +% . This is to be verified by direct substitution. Methods for

finding this solution are mentioned in the support material as possible
stimulus material for extending students’ knowledge.

Examples of problems to be solved:

o  Manufacturers often launch a new product with a large advertising
budget. However, if the product is judged by the market as being of
poor quality, sales will decline as people try the product but do not
continue to buy it. For a certain product the rate of weekly sales is

modelled by S’(¢) = 4003 - 2002 ,
t+1)y @+
millions and ¢ is the number of weeks since the launch of the product.
(a) Find the function that describes the weekly sales.

where S is the number of sales in

(b) Find the sales for the first week and for the tenth week.

o If P represents the purchasing power (in dollars) of a pension of
$60 000 per year, then this will be decreased by inflation according to

the formulacjl—P = —rP where r is the rate of inflation expressed as a
t

decimal, and P(0) = 60 000 .

(a) Investigate this situation with direction fields for several realistic
values of r.

(b) Find the purchasing power after 20 years for the choices of r.

There is a general method of solution for first-order homogeneous linear
DEs, which is described in the support material. While this may be used by
students, its derivation or application are not included in this course.
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MXX7.3: Second-order linear differential equations

In this subtopic students learn to recognise second-order linear differential
equations and solve simple types of these. The connection between
exponential and trigonometric functions that is made possible with complex
numbers is introduced and explored.

Outcomes addressed
HXX8, HXX12

Students develop the following knowledge, skills and
understanding

e recognising the features of a second-order linear differential equation and
the special case of a homogeneous second-order linear DE

e recognising that second-order DEs arise in models of physical situations
involving motion because Newton’s laws of motion relate the acceleration
of an object to the forces acting on it

¢ verifying that if a second-order homogeneous linear DE has two different
functions as solutions, say f, and f,, then the following are also solutions:

Af,, Af, + Bf,, where 4 and B are constants

e using the auxiliary equation method to solve DEs of the form
f"+bf"+cf =0, where b and c are real constants, including the cases

where the auxiliary equation has (i) real different roots, (ii) repeated real
roots

e recognising the reasons behind the definition of the complex exponential
as e" = cost+isint

e showing that if p+ig are the complex roots of an auxiliary equation, then
the solution of the relevant homogeneous DE with real initial conditions
can be expressed in the form f = e” (Ccosqt + Dsingt) where C and D are
real.

e solving second-order homogeneous linear DEs and interpreting the
solutions in context.
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Applications and considerations

A second-order DE has the second derivative appearing in it (no higher
derivatives), and may also have the first derivative appearing in it.

A linear second-order DE with solution function f{(¢r) has fand its first and
second derivatives occurring to the first degree only. The general form of
d’f Iif

a second-order linear DE is +g(t)%+h(t)f =c(t), where g, h, and ¢

dar’
may be arbitrary functions of «.
2
Examples of linear second-order DEs include %+ t%+tzf =sint;
3 2
however i{t{ =3 is third-order, and %HV“ =0 is second-order but
non-linear.

Example: Find the general solution for the DE /" =971 .
Example: Find the general solution for the DE f"+6f +8f =0.
Example: Find the general solution for the DE f"+6f +13f =0.

Example: Find the particular solution for the DE "+ 6" +13f =0 with
initial conditions £(0) =8, f'(0)=0. If f(¢) represents the displacement

of a particle from the origin, describe the motion and in particular what
happens in the longer term.

71



Mathematics Extension 2 Stage 6 Draft Syllabus

10 Course Requirements

Mathematics Extension 2 Stage 6 Syllabus consists of an HSC course of 60
(indicative) hours.

Completion of the Preliminary Mathematics Extension course is a prerequisite
for the study of the HSC Mathematics Extension 2 course. Students may
study the HSC Mathematics Extension 2 course following completion of the
HSC Mathematics Extension 1 course or concurrently with the HSC
Mathematics Extension 1 course.

Students may not study the Mathematics Extension 2 course in conjunction
with the Mathematics General 1 course or the Mathematics General 2 course.
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11  Post-school Opportunities

The study of Mathematics Extension 2 provides students with knowledge,
skills and understanding that form a valuable foundation for a range of
courses at university and other tertiary institutions.

In addition, the study of Mathematics Extension 2 assists students to prepare
for employment and full and active participation as citizens. In particular, there
are opportunities for students to gain recognition in vocational education and
training. Teachers and students should be aware of these opportunities.

Recognition of Student Achievement in Vocational Education and
Training (VET)

Wherever appropriate, the skills and knowledge acquired by students in their
study of HSC courses should be recognised by industry and training
organisations. Recognition of student achievement means that students who
have satisfactorily completed HSC courses will not be required to repeat their
learning in courses in TAFE NSW or other Registered Training Organisations
(RTOs).

Registered Training Organisations, such as TAFE NSW, provide industry
training and issue qualifications within the Australian Qualifications
Framework (AQF).

The degree of recognition available to students in each subject is based on
the similarity of outcomes between HSC courses and industry training
packages endorsed within the AQF. Training packages are documents that
link an industry’s competency standards to AQF qualifications. More
information about industry training packages can be found on the National
Training Information Service (NTIS) website (www.ntis.gov.au).

Recognition by TAFE NSW

TAFE NSW conducts courses in a wide range of industry areas, as outlined
each year in the TAFE NSW Handbook. Under current arrangements, the
recognition available to students of Mathematics in relevant courses
conducted by TAFE is described in the HSC/TAFE Credit Transfer Guide.
This guide is produced by the Board of Studies and TAFE NSW and is
distributed annually to all schools and colleges. Teachers should refer to this
guide and be aware of the recognition that may be available to their students
through the study of Mathematics Extension 2. This information can be found
on the TAFE NSW website (www.tafensw.edu.au/mchoice).

Recognition by other Registered Training Organisations

Students may also negotiate recognition into a training package qualification
with another Registered Training Organisation. Each student will need to
provide the RTO with evidence of satisfactory achievement in Mathematics
Extension 2 so that the degree of recognition available can be determined.
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12 Assessment and Reporting

12.1 Requirements and Advice

The information in this section of the syllabus relates to the Board of Studies’
requirements for assessing and reporting achievement in the Preliminary and
HSC courses for the Higher School Certificate.

Assessment is the process of gathering information and making judgements
about student achievement for a variety of purposes.

In the Preliminary and HSC courses those purposes include:

e assisting student learning

e evaluating and improving teaching and learning programs

e providing evidence of satisfactory achievement and completion in the
Preliminary course

e providing the Higher School Certificate results.

Reporting refers to the Higher School Certificate documents that are used by
the Board to report to students both the internal and external measures of
achievement.

Higher School Certificate results comprise:

e an assessment mark derived from the mark submitted by the school and
produced in accordance with the Board’s requirements for the internal
assessment program

e an examination mark derived from the HSC external examinations

e an HSC mark, which is the average of the assessment mark and the
examination mark

e a performance band, determined by the HSC mark.

Results will be reported using a course report containing a performance scale
with bands describing standards of achievement in the course.

The use of both internal assessment and external examination of student
achievement allows measurements and observations to be made at several
points and in different ways throughout the HSC Mathematics Extension 2
course. Taken together, the external examination and internal assessment
marks provide a valid and reliable assessment of the achievement of the
knowledge, understanding and skills described for each course.

The Board of Studies uses a standards-referenced approach to assessing and
reporting student achievement in the Higher School Certificate.

The standards in the HSC are:

o the knowledge, skills and understanding expected to be learnt by students
— the syllabus standards

o the levels of achievement of the knowledge, skills and understanding — the
performance standards.
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Both syllabus standards and performance standards are based on the aims,
objectives, outcomes and content of a course. Together they specify what is
to be learnt and how well it is to be achieved.

Teacher understanding of standards comes from the set of aims, objectives,

outcomes and content in each syllabus together with:

e the performance descriptions that summarise the different levels of
performance of the course outcomes

e HSC examination papers and marking guidelines

e samples of students’ achievement, collected in the Standards Packages.

12.2 Internal Assessment

The internal assessment mark submitted by the school will provide a
summation of each student’s achievements measured at points throughout
the course. The marks for each course group at a school should reflect the
rank order of students and relative differences between students’
achievements.

Internal assessment provides a measure of a student’s achievement based on
a wider range of syllabus content and outcomes than may be covered by the
external examination alone. The assessment components and weightings to
be applied to internal assessment are identified on page 77. They ensure a
common focus for internal assessment in the course across schools, while
allowing for flexibility in the design of tasks. A variety of tasks should be used
to give students the opportunity to demonstrate outcomes in different ways
and to improve the validity and reliability of the assessment.

12.3 External Assessment

In Mathematics Extension 2 Stage 6, the external examination consists of a
written examination. The specifications for the HSC examination in
Mathematics Extension 2 are on page 78.

The external examination provides a measure of student achievement in a
range of syllabus outcomes that can be reliably measured in an examination
setting.

The external examination and its marking and reporting will relate to syllabus

standards by:

e providing clear links to syllabus outcomes

e enabling students to demonstrate the levels of achievement outlined in the
course performance scales

e applying marking guidelines based on established criteria.
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12.4 Board Requirements for the Internal Assessment Mark in
Board Developed Courses

The Board requires schools to submit an assessment mark for each candidate
in the Mathematics Extension 2 course. The Board requires that the
assessment tasks used to determine the internal assessment mark must
comply with the components and weightings specified in the table on page 77.

Schools are required to develop an internal assessment program that:

e specifies the various assessment tasks and the weightings allocated to
each task

e provides a schedule of the tasks designed for the whole course.

The standards-referenced approach to assessment for the HSC involves

schools ensuring that in the design and marking of tasks:

e assessment tasks are designed to focus on outcomes

e the types of assessment tasks are appropriate for the outcomes being
assessed

e students are given the opportunity to demonstrate their level of
achievement of the outcomes in a range of different task types

o tasks reflect the weightings and components specified in the relevant
syllabus

e students know the assessment criteria before they begin a task

e marking guidelines for each task are linked to the standards by including
the wording of syllabus outcomes and relevant performance descriptions

e marks earned on individual tasks are expressed on a scale sufficiently
wide to reflect adequately the relative differences in student performances.

In feedback and reporting:

e students receive meaningful feedback about what they are able to do and
what they need to do in order to improve their level of performance

¢ the ranking and relative differences between students result from different
levels of achievement of the specified standards

¢ marks submitted to the Board for each course are on a scale sufficiently
wide to reflect adequately the relative differences in student performances.

Note that:

e measures of objectives and outcomes that address values and attitudes
should not be included in school-based assessments of students’
achievements. As these objectives are important elements of any course,
schools may decide to report on them separately to students and parents,
perhaps using some form of descriptive statements

e measures that reflect student conduct should not be included.
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12.5 Assessment Components, Weightings and Tasks

The mandatory components and weightings for the Mathematics Extension 2
course are set out below. The internal assessment mark is to be based on the

Mathematics Extension 2 course, and assessment tasks will focus on the
course objectives and outcomes.

Teachers can use their discretion in determining the manner in which they
allocate tasks within course content. While the allocation of weightings to the
various tasks set for the HSC course is left to individual schools, the
percentages allocated to each syllabus component must be maintained.

It is suggested that three or four tasks are sufficient to assess the
Mathematics Extension 2 HSC course. The range of tasks comprising the
school-based assessment schedule should be varied and address the range
of outcomes. One task may be used to assess several components.

Component Description Weighting Suggested tasks
Concepts and Use of concepts and 50% assignments
techniques techniques in the examination-style

solution and questions
interpretation of multimedia-based
mathematical problems tasks
open-book tasks
practical
Reasoning and | Application of 50% investigations or
communication | reasoning and projects
communication in practical tasks such
appropriate forms in as measurement
the construction of activities
mathematical proofs student’s written
and arguments and the explanation of
interpretation and use problem solutions
of mathematical
models
Total: 100
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12.6 HSC External Examination Specifications

The Mathematics Extension 2 HSC examination will consist of a written
examination paper of three hours duration (plus five minutes reading time)
containing two sections with a total mark value of 100 marks. All questions in
the examination are compulsory.

The examination will be based mainly on the Mathematics Extension 2 course
and will focus on the course objectives and outcomes. The Mathematics
Extension 1 and Mathematics Advanced courses will be assumed knowledge
for this examination. Questions focusing on Mathematics Extension 2
outcomes may relate to knowledge, skills and understanding from the
Mathematics Extension 1 and Mathematics Advanced courses.

A formula sheet, including standard integrals, will be provided with the
examination paper.

In addition to basic examination equipment, a pair of compasses, set squares,
a protractor and a mathematical curve-drawing template* may be used.

Calculators that are Board-approved for the Mathematics Advanced,
Mathematics Extension 1 and Mathematics Extension 2 HSC examinations
may be used.

Section | (10 marks)

¢ Questions in this section will be in objective—response format, such as
multiple-choice, multiple correct/incorrect, or other constrained response
questions.

¢ The mark value of these questions will be one or more marks, depending
on the length and demands of the question.

Section Il (90 marks)

e There will be SIX questions.

e All questions will be worth 15 marks.

e Each question will consist of a number of parts requiring free-response

answers. These parts may be stand-alone questions, or may consist of
several related sub-parts.

Note: Sample questions for this examination may be accessed on the Board’s
website. (www.boardofstudies.nsw.edu.au)

* Students may take into any Mathematics examination a curve-drawing template, provided

the template contains no printed formulae other than equations of simple curves (such as
y= x° ) that may be drawn using the template.
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12.7 Summary of Internal and External HSC Assessment

Internal Assessment Weighting External Assessment Weighting

Concepts and techniques 50

A written examination

. consisting of a range of
Reasoning and 50 items. 100

communication

Total: 100 Total: 100

12.8 Reporting Student Performance Against Standards

Student performance in an HSC course will be reported against standards on
a course report. The course report includes a performance scale for the
course describing levels (bands) of achievement, an HSC mark located on the
performance scale, an internal assessment mark and an examination mark. It
will also show, graphically, the statewide distribution of examination marks of
all students in the course.

Each band on the performance scale (except for Band 1) includes descriptors
that summarise the attainments typically demonstrated in that band.

The distribution of marks will be determined by students’ performance against
the standards and not scaled to a predetermined pattern of marks.

79



	Mathematics Extension 2 - Stage 6 Draft Syllabus 2008
	Contents
	1. The Higher School Certificate Program of Study
	2. Rationale for Mathematics Advanced, Extension 1 and Extension 2 in the Stage 6 Curriculum
	3. Continuum of Learning for Stage 6 Mathematics Extension 2 Students
	4. Mathematics in Stage 6
	5. Aim (Mathematics Advanced, Extension 1, Extension 2 courses)
	6. Objectives (Mathematics Advanced, Extension 1, Extension 2 courses)
	7. Course Structure
	8. Objectives and Outcomes
	8.1 Table of Objectives and Outcomes
	8.2 Key Competencies

	9. HSC Mathematics Extension 2 Course Content
	10. Course Requirements
	11. Post-school Opportunities
	12. Assessment and Reporting
	12.1 Requirements and Advice
	12.2 Internal Assessment
	12.3 External Assessment
	12.4 Board Requirements for the Internal Assessment Mark in Board Developed Courses
	12.5 Assessment Components, Weightings and Tasks
	12.6 HSC External Examination Specifications
	12.7 Summary of Internal and External HSC Assessment
	12.8 Reporting Student Performance Against Standards




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


