Mathematics Years 7–10 Syllabus

9.3 
Patterns and Algebra

The Patterns and Algebra strand extends from Early Stage 1 to Stage 5.3. In the early Stages students explore number and pre-algebra concepts by pattern making, and discussing, generalising and recording their observations. 

A concrete approach to Algebra is continued when students apply their understanding of the number system to the algebraic symbol system. Students develop an understanding of the notion of a variable, establish the equivalence of expressions, apply algebraic conventions and graph relationships on the number plane.

Students recognise that graphing is a powerful tool that enables algebraic relationships to be visualised. By the end of Stage 5.3 students have the opportunity to develop knowledge of the shapes of graphs of different relationships and understand the effects on graphs of making a change to the relationship eg adding a constant. Technology is a useful tool for students to use when graphing and comparing graphs of relationships.
Algebra has strong links with all the other strands in the syllabus, particularly when situations are to be generalised symbolically.

This section presents the outcomes, key ideas, knowledge and skills, and Working Mathematically statements from Stage 2 to Stage 3 in one substrand. The Stage 4 content is presented in the topics Number Patterns, Algebraic Techniques and Linear Relationships. Stage 5.1 contains Algebraic Techniques and Coordinate Geometry. Stage 5.2 contains Algebraic Techniques, Coordinate Geometry, and Graphs of Physical Phenomena. Stage 5.3 builds on each of the Stage 5.2 topics and includes Curve Sketching and Polynomials and Functions and Logarithms as optional topics.

Summary of Patterns and Algebra Outcomes for Stages 2 to 5 with page references

Patterns and Algebra

PAS2.1
Generates, describes and records number patterns using a variety of strategies and completes simple number sentences by calculating missing values (p 79)

PAS3.1a
Records, analyses and describes geometric and number patterns that involve one operation using tables and words (p 80)

PAS3.1b
Constructs, verifies and completes number sentences involving the four operations with a variety of numbers (p 81)

Algebraic Techniques

PAS4.1
Uses letters to represent numbers and translates between words and algebraic symbols (p 82)

Number Patterns

PAS4.2
Creates, records, analyses and generalises number patterns using words and algebraic symbols in a variety of ways (p 83)

Algebraic Techniques

PAS4.3
Uses the algebraic symbol system to simplify, expand and factorise simple algebraic expressions (p 85)

PAS4.4
Uses algebraic techniques to solve linear equations and simple inequalities (p 86)

PAS5.1.1

Applies the index laws to simplify algebraic expressions (p 87)

PAS5.2.1

Simplifies, expands and factorises algebraic expressions involving fractions and negative and fractional indices (p 88)

PAS5.2.2

Solves linear and simple quadratic equations, solves linear inequalities and solves simultaneous equations using graphical and analytical methods (p 90)

§PAS5.3.1 
Uses algebraic techniques to simplify expressions, expand binomial products and factorise quadratic expressions (p 92)

§PAS5.3.2 
Solves linear, quadratic and simultaneous equations, solves and graphs inequalities, and rearranges literal equations (p 94)

Linear Relationships

PAS4.5
Graphs and interprets linear relationships on the number plane (p 96)

Coordinate Geometry

PAS5.1.2
Determines the midpoint, length and gradient of an interval joining two points on the number plane and graphs linear and simple non-linear relationships from equations (p 97)

PAS5.2.3
Uses formulae to find midpoint, distance and gradient and applies the gradient/intercept form to interpret and graph straight lines (p 99)

PAS5.2.4
Draws and interprets graphs including simple parabolas and hyperbolas (p 101)

§PAS5.3.3 
Uses various standard forms of the equation of a straight line and graphs regions on the number plane (p 102)

§PAS5.3.4 
Draws and interprets a variety of graphs including parabolas, cubics, exponentials and circles and applies coordinate geometry techniques to solve problems (p 103)

Graphs of Physical Phenomena

PAS5.2.5

Draws and interprets graphs of physical phenomena (p 105)

PAS5.3.5

Analyses and describes graphs of physical phenomena (p 106)

# Curve Sketching and Polynomials

#PAS5.3.6 
Uses a variety of techniques to sketch a range of curves and describes the features of curves from the equation (p 107)

#PAS5.3.7 
Recognises, describes and sketches polynomials, and applies the factor and remainder theorems to solve problems (p 108)

# Functions and Logarithms

# PAS5.3.8 
Describes, interprets and sketches functions and uses the definition of a logarithm to establish and apply the laws of logarithms (p 109)

(# optional topics as further preparation for the Mathematics Extension courses in Stage 6)

(§ recommended topics for students who are following the 5.2 pathway but intend to study the Stage 6 Mathematics course)

	Patterns and Algebra
	Stage 2

	PAS2.1
	Key Ideas

	Generates, describes and records number patterns using a variety of strategies and completes simple number sentences by calculating missing values
	Generate, describe and record number patterns using a variety of strategies

Build number relationships by relating multiplication and division facts to at least 10 ( 10

Complete simple number sentences by calculating the value of a missing number

	Knowledge and Skills

Students learn about

Number Patterns

identifying and describing patterns when counting forwards or backwards by threes, fours, sixes, sevens, eights or nines

creating, with materials or a calculator, a variety of patterns using whole numbers, fractions or decimals 
eg
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2.2, 2.0, 1.8, 1.6, …

finding a higher term in a number pattern given the first five terms eg determine the 10th term given a number pattern beginning with 4, 8, 12, 16, 20, …

· describing a simple number pattern in words
	Working Mathematically

Students learn to

pose problems based on number patterns (Questioning)
solve a variety of problems using problem-solving strategies, including:

- trial and error
- drawing a diagram
- working backwards
- looking for patterns
- using a table (Applying Strategies, Communicating)
ask questions about how number patterns have been created and how they can be continued (Questioning)
generate a variety of number patterns that increase or decrease and record them in more than one way 
(Applying Strategies, Communicating)
generate number patterns using the process of repeatedly adding the same number on a calculator (Communicating)

model and then record number patterns using diagrams, words or symbols (Communicating)

	Number Relationships

using the equals sign to record equivalent number relationships and to mean ‘is the same as’ rather than as an indication to perform an operation 
eg 
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building the multiplication facts to at least 10 ( 10 by recognising and describing patterns and applying the commutative property eg 6 ( 4 = 4 ( 6

forming arrays using materials to demonstrate multiplication patterns and relationships

eg

3 ( 5 = 15

( ( ( ( (
( ( ( ( (
( ( ( ( (
relating multiplication and division facts 
eg 6 ( 4 = 24; so 24 ( 4 = 6 and 24 ( 6 = 4

applying the associative property of addition and multiplication to aid mental computation
eg 2 + 3 + 8 = 2 + 8 + 3, 2 ( 3 ( 5 = 2 ( 5 ( 3 

completing number sentences involving one operation by calculating missing values

    eg find  so that 5 +  = 13; find  so that 28 =  ( 7

transforming a division calculation into a multiplication problem eg find  so that 30 ÷ 6 =  becomes find  so that  ( 6 = 30.
	check solutions to missing elements in patterns by repeating the process (Reasoning)
play ‘guess my rule’ games eg 1, 4, 7: what is the rule? (Applying Strategies) 

describe what has been learnt from creating patterns, making connections with addition facts and multiplication facts (Communicating, Reflecting)
explain the relationship between multiplication facts 
eg explain how the 3 and 6 times tables are related (Reflecting) 

make generalisations about numbers and number relationships eg ‘It doesn’t matter what order you multiply two numbers because the answer is always the same.’ (Reflecting) 
check number sentences to determine if they are true or false, and, if false, explain why 
(Applying Strategies, Reasoning) 

justify a solution to a number sentence (Reasoning) 

use inverse operations to complete number sentences (Applying Strategies)
describe strategies for completing simple number sentences (Communicating)


	Patterns and Algebra
	Stage 3

	PAS3.1a
	Key Ideas

	Records, analyses and describes geometric and number patterns that involve one operation using tables and words
	Build simple geometric patterns involving multiples

Complete a table of values for geometric and number patterns

Describe a pattern in words in more than one way

	Knowledge and Skills

Students learn about 

working through a process of building a simple geometric pattern involving multiples, completing a table of values, and describing the pattern in words. This process includes the following steps:

· building a simple geometric pattern using materials 
eg (, ((, (((, ((((, …

· completing a table of values for the geometric pattern

eg

Number of Triangles

1

2

3

4

5

6

Number of Sides

3

6

9

12

–

–

· describing the number pattern in a variety of ways and recording descriptions using words eg ‘It looks like the three times tables.’

· determining a rule to describe the pattern from the table eg ‘You multiply the top number by three to get the bottom number.’

· using the rule to calculate the corresponding value for a larger number

working through a process of identifying a simple number pattern involving only one operation, completing a table of values, and describing the pattern in words. This process includes the following steps:

· completing a table of values for a number pattern involving one operation (including patterns that decrease)

eg

First Number

1

2

3

4

5

6

Second Number

4

5

6

7

–

–

· describing the pattern in a variety of ways and recording descriptions using words

· determining a rule to describe the pattern from the table

· using the rule to calculate the corresponding value 
for a larger number
	Working Mathematically

Students learn to

ask questions about how number patterns have been created and how they can be continued (Questioning)

interpret sentences written by peers and teachers that accurately describe geometric and number patterns (Applying Strategies)
identify patterns in data displayed in a spreadsheet (Applying Strategies)
generate a variety of number patterns that increase or decrease and record in more than one way 
(Applying Strategies, Communicating)
model and then record number patterns using materials, diagrams, words or symbols (Applying Strategies)

use a number of strategies to solve unfamiliar problems, including:
-
trial and error
-
drawing a diagram
-
working backwards
-
looking for patterns
-
using a table (Applying Strategies, Communicating)

check solutions to missing elements in patterns by repeating the process (Reasoning)
describe what has been learnt from creating patterns, making connections with number facts and number properties (Communicating, Reflecting)
make generalisations about numbers and number relationships eg ‘If you add a number and then subtract the same number, the result is the number you started with.’ (Reflecting)

play ‘guess my rule’ games (Applying Strategies)
describe and justify the choice of a particular rule for the values in a table (Communicating, Reasoning)

	Background Information
	

	This topic involves algebra without symbols. Symbols should not be introduced until the students have had considerable experience describing patterns in their own words.
	Students should be given opportunities to discover and create patterns and to describe, in their own words, relationships contained in those patterns.

	Language
	

	At this Stage, students should be encouraged to use their own words to describe number patterns. Patterns can usually be described in more than one way and it is important for students to hear how other students describe the same pattern.
	Students’ descriptions of number patterns can then become more sophisticated as they experience a variety of ways of describing the same pattern. The teacher could begin to model the use of more appropriate mathematical language to encourage this development.


	Patterns and Algebra
	Stage 3

	PAS3.1b
	Key Ideas

	Constructs, verifies and completes number sentences involving the four operations with a variety of numbers
	Construct, verify and complete number sentences involving the four operations with a variety of numbers

	Knowledge and Skills

Students learn about 

completing number sentences that involve more than one operation by calculating missing values 
eg 5 +  = 12 ( 4

completing number sentences involving fractions or decimals eg 7 (  = 7.7

constructing a number sentence to match a problem that is presented in words and requires finding an unknown
eg ‘I am thinking of a number so that when I double it and add 5 the answer is 13. What is the number?’

checking solutions to number sentences by substituting the solution into the original question

identifying and using inverse operations to assist with the solution of number sentences 
eg Find  so that 125
[image: image3.wmf]¸

5 =  becomes find  so that 
 ( 5 = 125.
	Working Mathematically

Students learn to

describe strategies for completing simple number sentences and justify solutions (Communicating)
describe how inverse operations can be used to solve a number sentence (Applying Strategies, Communicating)

	Background Information
	

	Students will typically use trial-and-error methods to find solutions to number sentences. They need to be encouraged to work backwards and to describe the processes using inverse operations. The inclusion of sentences that do not have whole number solutions will aid this process.
	

	Algebraic Techniques
	Stage 4

	PAS4.1
	Key Ideas

	Uses letters to represent numbers and translates between words and algebraic symbols
	Use letters to represent numbers

Translate between words and algebraic symbols and between algebraic symbols and words

Recognise and use simple equivalent algebraic expressions

	Knowledge and Skills

Students learn about 

· using letters to represent numbers and developing the notion that a letter is used to represent a variable 

· using concrete materials such as cups and counters to model:

· expressions that involve a variable and a variable plus a constant eg 
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· expressions that involve a variable multiplied by a constant eg 
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· sums and products eg 
[image: image6.wmf])

1

(

2

,

1

2

+

+

a

a


· equivalent expressions such as
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· and to assist with simplifying expressions, such as 
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· recognising and using equivalent algebraic expressions

eg
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· translating between words and algebraic symbols and between algebraic symbols and words


	Working Mathematically

Students learn to

· generate a variety of equivalent expressions that represent a particular situation or problem 
(Applying Strategies)
· describe relationships between the algebraic symbol system and number properties 
(Reflecting, Communicating)

· link algebra with generalised arithmetic eg for the commutative property, determine that a + b = b + a
(Reflecting)
· determine equivalence of algebraic expressions by substituting a given number for the letter

    (Applying Strategies, Reasoning)

	Background Information
	

	To gain an understanding of algebra, students must be introduced to the concepts of patterns, relationships, variables, expressions, unknowns, equations and graphs in a wide variety of contexts. For each successive context, these ideas need to be redeveloped. Students need gradual exposure to abstract ideas as they begin to relate algebraic terms to real situations.

It is important to develop an understanding of the use of letters as algebraic symbols for variable numbers of objects rather than for the objects themselves. The practice of using the first letter of the name of an object as a symbol for the number of such objects (or still worse as a symbol for the object) can lead to misconceptions and should be avoided, especially in the early Stages.

Introducing Letters as Algebraic Symbols

The recommended approach is to spend time over the conventions for using algebraic symbols for first-degree expressions and to situate the translation of generalisations from words to symbols as an application of students’ knowledge of the symbol system rather than as an introduction to the symbol system.  
	Considerable time needs to be spent manipulating concrete materials, such as cups and counters, to develop a good understanding of the notion of a variable and to establish the equivalence of expressions.

The recommended steps for moving into symbolic algebra are:

- the variable notion, associating letters with a variety of 
 variables

- symbolism for a variable plus a constant

- symbolism for a variable times a constant

- symbolism for sums and products.

When evaluating expressions, there must be an explicit direction to replace the letter by a number to ensure full understanding of notation occurs.

Thus if 
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It is suggested that the introduction of the symbol system precede the Number Patterns topic for Stage 4, since this topic presumes students are able to manipulate algebraic symbols and will use them to generalise patterns.

	Number Patterns
	Stage 4

	PAS4.2
	Key Ideas

	Creates, records, analyses and generalises number patterns using words and algebraic symbols in a variety of ways
	Create, record and describe number patterns using words 

Use algebraic symbols to translate descriptions of number patterns 

Represent number pattern relationships as points on a grid

	Knowledge and Skills

Students learn about 

· using a process that consists of building a geometric pattern, completing a table of values, describing the pattern in words and algebraic symbols and representing the relationship on a graph: 

· modelling geometric patterns using materials such as matchsticks to form squares

eg

,

,

,

, …

· describing the pattern in a variety of ways that relate to the different methods of building the squares, and recording descriptions using words

· forming and completing a table of values for the geometric pattern

   eg  

Number of squares

1

2

3

4

5

10

100

Number of matchsticks

4

7

10

13

_

_

_

· representing the values from the table on a number grid and describing the pattern formed by the points on the graph (note – the points should not be joined to form a line because values between the points have no meaning)

· determining a rule in words to describe the pattern from the table – this needs to be expressed in function form relating the top-row and bottom-row terms in the table

· describing the rule in words, replacing the varying number by an algebraic symbol

· using algebraic symbols to create an equation that describes the pattern

· creating more than one equation to describe the pattern

· using the rule to calculate the corresponding value for a larger number

· using a process that consists of identifying a number pattern (including decreasing patterns), completing a table of values, describing the pattern in words and algebraic symbols, and representing the relationship on a graph:

· completing a table of values for the number pattern 

eg

a

1

2

3

4

5

10

100

b

4

7

10

13

_

_

_


	Working Mathematically

Students learn to

ask questions about how number patterns have been created and how they can be continued (Questioning)
generate a variety of number patterns that increase or decrease and record them in more than one way 
(Applying Strategies, Communicating)
model and then record number patterns using diagrams, words and algebraic symbols (Communicating)
check pattern descriptions by substituting further values (Reasoning)
describe the pattern formed by plotting points from a table and suggest another set of points that might form the same pattern 
(Communicating, Reasoning)
describe what has been learnt from creating patterns, making connections with number facts and number properties (Reflecting)
play ‘guess my rule’ games, describing the rule in words and algebraic symbols where appropriate 
(Applying Strategies, Communicating)
represent and apply patterns and relationships in algebraic forms (Applying Strategies, Communicating)
explain why a particular relationship or rule for a given pattern is better than another
(Reasoning, Communicating)
distinguish between graphs that represent an increasing number pattern and those that represent a decreasing number pattern (Communicating)
determine whether a particular number pattern can be described using algebraic symbols 
(Applying Strategies, Communicating)

	Number Patterns (continued)
	Stage 4

	· describing the pattern in a variety of ways and recording descriptions using words 

· representing the values from the table on a number grid and describing the pattern formed by the points on the graph 

· determining a rule in words to describe the pattern from the table – this needs to be expressed in function form relating the top-row and bottom-row terms in the table

· describing the rule in words, replacing the varying number by an algebraic symbol

· using algebraic symbols to create an equation that describes the pattern

· creating more than one equation to describe the pattern

· using the rule to calculate the corresponding value for a larger number
	

	Background Information
	

	It is recommended that students begin this topic with simple examples from PAS3.1a before attempting the more challenging patterns in this topic.

In completing tables, intermediate stages should be encouraged.

Consider the following example of the line of squares that is presented in the ‘learn about’ statements:

1
modelling geometric patterns using materials such as matchsticks to form squares

eg

,

,

,

, …

2
forming and completing a table of values for the geometric pattern

 eg

Number of squares

1

2

3

4

5

10

100

Number of matchsticks

4

7

10

13

_

_

_

It may help students to develop the table as follows:

(i) starting from one match

Number of squares

1

2

3

Number of matches 

  1 + 3 = 4

1 + 3 + 3 = 7

1 + 3 + 3 + 3 = 10

or

1 + 31 = 4

1 + 32 = 7

1 + 33 = 10

or

1 + 13 = 4

1 + 23 = 7

1 + 33 = 10

or

…


	or:

(ii) starting from one square

Number of squares

1

2

3

Number of matches 

4

4 + 3
[image: image12.wmf]´

1 = 7

4 + 3
[image: image13.wmf]´

2 = 10

Students recognise relationships in the table of values and extend the table to include cases that would be impractical to build, basing their calculations on their own verbal descriptions of the pattern eg for 102 squares, method (i) would lead to 1 + 3 ( 102 = 307 and method (ii) would lead to 4 + 3 ( 101 = 307.

Similarly, number patterns may be used as sources for verbal generalisations. Emphasis should be given to encouraging students to describe how they can obtain one term from earlier terms.

For example, in the number pattern 1, 3, 5, 7, 9, …‘you keep adding two to get the next number’ 

  1

1 + 2

1 + 2 + 2

1 + 2 + 2 + 2

      or 1   

1 + 21

1 + 2 2

1 + 23

      or 1

…

Students could build the pattern using concrete materials or represent it using diagrams.

More than one aspect of a geometric pattern may be considered eg perimeter, area, number of corners.

The number plane is introduced in Linear Relationships (PAS4.5). Students could be introduced to the early ideas in that topic before graphing points in this topic.

	Algebraic Techniques
	Stage 4

	PAS4.3
	Key Ideas

	Uses the algebraic symbol system to simplify, expand and factorise simple algebraic expressions
	Use the algebraic symbol system to simplify, expand and factorise simple algebraic expressions

Substitute into algebraic expressions

	Knowledge and Skills

Students learn about 

· recognising like terms and adding and subtracting like terms to simplify algebraic expressions 
eg  
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· recognising the role of grouping symbols and the different meanings of expressions, such as
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· simplifying algebraic expressions that involve multiplication and division

eg
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· simplifying expressions that involve simple algebraic
fractions

eg
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· expanding algebraic expressions by removing grouping symbols (the distributive property)

eg
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· factorising a single term eg 
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· factorising algebraic expressions by finding a common factor

eg
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· distinguishing between algebraic expressions where letters are used as variables, and equations, where letters are used as unknowns

· substituting into algebraic expressions

· generating a number pattern from an algebraic expression

eg
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· replacing written statements describing patterns with equations written in algebraic symbols

eg ‘you add five to the first number to get the second number’ could be replaced with ‘
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· translating from everyday language to algebraic language and from algebraic language to everyday language
	Working Mathematically

Students learn to 

· generate a variety of equivalent expressions that represent a particular situation or problem 
(Applying Strategies)
· determine and justify whether a simplified expression is correct by substituting numbers for letters 
(Applying Strategies, Reasoning)
· check expansions and factorisations by performing the reverse process (Reasoning)
· interpret statements involving algebraic symbols in other contexts eg creating and formatting spreadsheets (Communicating)

· explain why a particular algebraic expansion or factorisation is incorrect (Reasoning, Communicating)
· determine whether a particular pattern can be described using algebraic symbols 
(Applying Strategies, Communicating)

	Algebraic Techniques
	Stage 4

	PAS4.4
	Key Ideas

	Uses algebraic techniques to solve linear equations and simple inequalities
	Solve linear equations and word problems using algebra

Solve simple inequalities

	Knowledge and Skills

Students learn about 

· solving simple linear equations using concrete materials, such as the balance model or cups and counters, stressing the notion of doing the same thing to both sides of an equation

· solving linear equations using strategies such as guess, check and improve, and backtracking (reverse flow charts)

· solving equations using algebraic methods that involve up to and including three steps in the solution process and have solutions that are not necessarily whole numbers

eg
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· checking solutions to equations by substituting

· translating a word problem into an equation, solving the equation and translating the solution into an answer to the problem

· solving equations arising from substitution into formulae 
eg given P = 2l + 2b and P = 20, l = 6, solve for b
· finding a range of values that satisfy an inequality using strategies such as ‘guess and check’ 

· solving simple inequalities such as
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· representing solutions to simple inequalities on the number line
	Working Mathematically

Students learn to

compare and contrast different methods to solve a range of linear equations (Reasoning)
create equations to solve a variety of problems, clearly stating the meaning of introduced letters as ‘the number of …’, and verify solutions 
(Applying Strategies, Reasoning)
use algebraic techniques as a tool for problem solving (Applying Strategies)
construct formulae for finding areas of common geometric figures eg area of a triangle 
(Applying Strategies)
determine equations that have a given solution  
eg find equations that have the solution x = 5
(Applying Strategies)
substitute into formulae used in other strands of the syllabus or in other key learning areas and interpret the solutions 

eg
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    (Applying Strategies, Communicating)
describe the process of solving simple inequalities and justifying solutions (Communicating, Reasoning)

	Background Information
	

	Five models have been proposed to assist students with the solving of simple equations.

Model 1 uses a two-pan balance and objects such as coins or centicubes. A light paper wrapping can hide a ‘mystery number’ of objects without distorting the balance’s message of equality.

Model 2 uses small objects (all the same) with some hidden in containers to produce the ‘unknowns’ or ‘mystery numbers’.

eg place the same number of small objects in a number of paper cups and cover them with another cup. Form an equation using the cups and then remove objects in equal amounts from each side of a marked equals sign.

Model 3 uses one-to-one matching of terms on each side of the equation.

eg 
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through one-to-one matching.
	Model 4 uses a substitution approach. By trial and error a value is found for the unknown that produces equality for the values of the two expressions on either side of the equation (this highlights the variable concept).

Simple equations can usually be solved using arithmetic methods. Students need to solve equations where the solutions are not whole numbers and that require the use of algebraic methods.

Model 5 uses backtracking or a reverse flow chart to unpack the operations and find the solution. This model only works for equations with all letters on the same side.

eg
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	Algebraic Techniques
	Stage 5.1

	PAS5.1.1
	Key Ideas

	Applies the index laws to simplify algebraic expressions
	Apply the index laws to simplify algebraic expressions (positive integral indices only)

	Knowledge and Skills

Students learn about 

· using the index laws previously established for numbers to develop the index laws in algebraic form

eg
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· establishing that 
[image: image38.wmf]1

0

=

a

 using the index laws
eg 
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· simplifying algebraic expressions that include index notation

eg
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	Working Mathematically

Students learn to

· verify the index laws using a calculator
eg use a calculator to compare the values of 
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 and 
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 (Reasoning)
· explain why 
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 (Applying Strategies, Reasoning, Communicating)

· link use of indices in Number with use of indices in Algebra (Reflecting)
· explain why a particular algebraic sentence is incorrect 
eg explain why 
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 is incorrect (Communicating, Reasoning)
· examine and discuss the difference between expressions such as
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by substituting values for a 
(Reasoning, Applying Strategies, Communicating)


	Background Information
	

	The index laws for numbers were established in the Number strand (NS4.1 and NS5.1.1). 
	These need to be used to assist the generalisations written using algebraic notation.


	Algebraic Techniques
	Stage 5.2

	PAS5.2.1
	Key Ideas

	Simplifies, expands and factorises algebraic expressions involving fractions and negative and fractional indices
	Simplify, expand and factorise algebraic expressions including those involving fractions or with negative and/or fractional indices

	Knowledge and Skills

Students learn about 

· simplifying algebraic expressions involving fractions, such as
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· applying the index laws to simplify expressions involving pronumerals

· establishing that
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· using index laws to assist with the definition of the fractional index for square root

given 
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· using index laws to assist with the definition of the fractional index for cube root

· using index notation and the index laws to establish that
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· applying the index laws to simplify algebraic expressions such as
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	Working Mathematically

Students learn to

· describe relationships between the algebraic symbol system and number properties 
(Reflecting, Communicating)

· link algebra with generalised arithmetic 
eg use the distributive property of multiplication over addition to determine that 
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   (Reflecting)

· determine and justify whether a simplified expression is correct by substituting numbers for pronumerals (Applying Strategies, Reasoning)

· generate a variety of equivalent expressions that represent a particular situation or problem 
(Applying Strategies)
· explain why finding the square root of an expression is the same as raising the expression to the power of a half (Communicating, Reasoning)
· state whether particular equivalences are true or false and give reasons 
eg Are the following true or false? Why?
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(Applying Strategies, Reasoning, Communicating)
· explain the difference between particular pairs of algebraic expressions, such as 
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(Reasoning, Communicating)
· check expansions and factorisations by performing the reverse process (Reasoning)
· interpret statements involving algebraic symbols in other contexts eg spreadsheets (Communicating)

· explain why an algebraic expansion or factorisation is incorrect eg  Why is the following incorrect?
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(Reasoning, Communicating)



	Algebraic Techniques (continued)
	Stage 5.2


	· expanding, by removing grouping symbols, and collecting like terms where possible, algebraic expressions such as 
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· factorising, by determining common factors, algebraic expressions such as
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	Algebraic Techniques
	Stage 5.2

	PAS5.2.2
	Key Ideas

	Solves linear and simple quadratic equations, solves linear inequalities and solves simultaneous equations using graphical and analytical methods
	Solve linear and simple quadratic equations of the form 
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Solve linear inequalities

Solve simultaneous equations using graphical and analytical methods for simple examples

	Knowledge and Skills

Students learn about 

Linear and Quadratic Equations

· solving linear equations such as
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· solving word problems that result in equations

· exploring the number of solutions that satisfy simple quadratic equations of the form 
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· solving simple quadratic equations of the form 
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· solving equations arising from substitution into formulae

Linear Inequalities

· solving inequalities such as
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	Working Mathematically

Students learn to

· compare and contrast different methods of solving linear equations and justify a choice for a particular case (Applying Strategies, Reasoning)
· use a number of strategies to solve unfamiliar problems, including:
-  using a table
-  drawing a diagram
-  looking for patterns
-  working backwards
-  simplifying the problem and
-  trial and error (Applying Strategies, Communicating)
· solve non-routine problems using algebraic methods (Communicating, Applying Strategies)
· explain why a particular value could not be a solution to an equation 
(Applying Strategies, Communicating, Reasoning)
· create equations to solve a variety of problems and check solutions 
(Communicating, Applying Strategies, Reasoning)
· write formulae for spreadsheets 
(Applying Strategies, Communicating)
· solve and interpret solutions to equations arising from substitution into formulae used in other strands of the syllabus and in other subjects. Formulae such as the following could be used:
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    (Applying Strategies, Communicating, Reflecting)

· explain why quadratic equations could be expected to have two solutions (Communicating, Reasoning)
· justify a range of solutions to an inequality 
(Applying Strategies, Communicating, Reasoning)




	Algebraic Techniques (continued)
	Stage 5.2


	Simultaneous Equations

· solving simultaneous equations using non-algebraic methods, such as ‘guess and check’, setting up tables of values or looking for patterns

· solving linear simultaneous equations by finding the point of intersection of their graphs 

· solving simple linear simultaneous equations using an analytical method eg solve the following
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· generating simultaneous equations from simple word problems 


	· use graphics calculators and spreadsheet software to plot pairs of lines and read off the point of intersection (Applying Strategies)
· solve linear simultaneous equations resulting from problems and interpret the results 
(Applying Strategies, Communicating)

	Background Information
	

	Graphics calculators and computer graphing programs enable students to graph two linear equations and display the coordinates of the point of intersection.
	


	§ Algebraic Techniques
	Stage 5.3

	§ PAS5.3.1
	Key Ideas

	Uses algebraic techniques to simplify expressions, expand binomial products and factorise quadratic expressions
	Use algebraic techniques to simplify expressions, expand binomial products and factorise quadratic expressions

	Knowledge and Skills

Students learn about 

· simplifying algebraic expressions, including those involving fractions, such as
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· expanding binomial products by finding the area of rectangles
eg
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· using algebraic methods to expand a variety of binomial products, such as
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· recognising and applying the special products
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· factorising expressions:
-  common factors
-  difference of two squares
-  perfect squares
-  trinomials
-  grouping in pairs for four-term expressions
	Working Mathematically

Students learn to
· describe relationships between the algebraic symbol system and number properties 
(Reflecting, Communicating)

· develop facility with the algebraic symbol system in order to apply algebraic techniques to other strands and substrands (Applying Strategies, Communicating)

· link algebra with generalised arithmetic (Reflecting)
· determine and justify whether a simplified expression is correct by substituting numbers for pronumerals 
(Applying Strategies, Reasoning)

· generate a variety of equivalent expressions that represent a particular situation or problem 
(Applying Strategies)
· check expansions and factorisations by performing the reverse process (Reasoning)
· interpret statements involving algebraic symbols in other contexts eg spreadsheets (Communicating)

· use factorising techniques to solve quadratic equations and draw graphs of parabolas 
(Applying Strategies, Communicating)
· solve problems, such as:
find a relationship that describes the number of diagonals in a polygon with n sides
(Applying Strategies)




§ 

	Algebraic Techniques (continued)
	Stage 5.3

	· using a variety of methods, including combinations of the above, to factorise expressions such as
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· factorising and simplifying a variety of more complex algebraic expressions such as


[image: image84.wmf]9

3

2

9

4

2

8

4

6

3

1

3

4

2

2

3

2

2

2

2

2

+

+

-

-

´

-

-

-

+

+

+

+

x

x

m

m

m

m

x

x

x

x

x

x



	


	§ Algebraic Techniques
	Stage 5.3

	§ PAS5.3.2
	Key Ideas

	Solves linear, quadratic and simultaneous equations, solves and graphs inequalities, and rearranges literal equations
	Solve quadratic equations by factorising, completing the square, or using the quadratic formula

Solve a range of inequalities and rearrange literal equations

Solve simultaneous equations including quadratic equations

	Knowledge and Skills

Students learn about 

Linear, Quadratic and Simultaneous Equations

· using analytical and graphical methods to solve a range of linear equations, including equations that involve brackets and fractions such as 
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· solving problems involving linear equations

· developing the quadratic formula
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· solving equations of the form 
[image: image87.wmf]0

2

=

+

+

c

bx

ax

 using:
-  factors
-  completing the square
-  the quadratic formula

· solving a variety of quadratic equations such as 
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· identifying whether a given quadratic equation has no solution, one solution or two solutions

· checking the solutions of quadratic equations

· generating quadratic equations from problems

· solving problems involving quadratic equations

· solving quadratic equations resulting from substitution into formulae

· using analytical methods to solve a variety of simultaneous equations, including those that involve a first degree equation and a second degree equation, such as 
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  y = x2 and y = x
                         y = x2 – x – 2 and y = x + 6


	Working Mathematically

Students learn to
· solve non-routine problems using algebraic techniques (Applying Strategies, Communicating)
· create equations to solve a variety of problems and check solutions 
(Communicating, Applying Strategies, Reasoning)
· explain why a particular value could not be a solution to an equation 
(Applying Strategies, Communicating, Reasoning)
· determine quadratic expressions to describe particular number patterns such as 
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    (Applying Strategies, Communicating)
· choose the most appropriate method to solve a particular quadratic equation (Applying Strategies)
· solve quadratic equations and discuss the possible number of roots for any quadratic equation (Applying Strategies, Communicating)
· graph simultaneous equations to find solutions and compare this method with analytic methods 
(Applying Strategies, Reflecting, Communicating)


§ 

	Algebraic Techniques (continued)
	Stage 5.3

	Inequalities

· using <, >, (, (, ( to generate linear inequalities from problems 

· solving linear inequalities analytically, including changing the direction of the inequality when multiplying or dividing by a negative number in inequalities such as
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· solving problems involving inequalities (in one variable)

Literal Equations

· changing the subject of a formula, using examples from other strands and other subjects
eg  make r the subject of 
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· determining restrictions on the values of variables implicit in the original formula and after rearrangement of the formula
eg consider what restrictions there would be on the variables in the equation 
[image: image95.wmf]2
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 and what additional restrictions are assumed if the equation is rearranged to 
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Understanding Variables

· replacing variables with other expressions
eg find an expression for x2 + 4 if x = 2at
· using variable substitution to simplify expressions and equations so that specific cases can be seen to belong to general categories eg substitute 
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· interpreting expressions and equations given additional information 


	· use a numerical example to justify the need to reverse the direction of the inequality when multiplying or dividing by a negative number (Reasoning)



	Linear Relationships
	Stage 4

	PAS4.5
	Key Ideas

	Graphs and interprets linear relationships on the number plane
	Interpret the number plane and locate ordered pairs

Graph and interpret linear relationships created from simple number patterns and equations

	Knowledge and Skills

Students learn about 

· interpreting the number plane formed from the intersection of a horizontal x -axis and vertical y -axis and recognising similarities and differences between points located in each of the four quadrants

· identifying the point of intersection of the two axes as the origin, having coordinates (0,0)

· reading, plotting and naming ordered pairs on the number plane including those with values that are not whole numbers

· graphing points on the number plane from a table of values, using an appropriate scale

· extending the line joining a set of points to show that there is an infinite number of ordered pairs that satisfy a given linear relationship

· interpreting the meaning of the continuous line joining the points that satisfy a given number pattern

· reading values from the graph of a linear relationship to demonstrate that there are many points on the line

· deriving a rule for a set of points that has been graphed on a number plane by forming a table of values or otherwise

· forming a table of values for a linear relationship by substituting a set of appropriate values for either of the letters and graphing the number pairs on the number plane eg given y = 3x + 1, forming a table of values using x = 0, 1 and 2 and then graphing the number pairs on a number plane with appropriate scale

· graphing more than one line on the same set of axes and comparing the graphs to determine similarities and differences eg parallel, passing through the same point

· graphing two intersecting lines on the same set of axes and reading off the point of intersection
	Working Mathematically

Students learn to

relate the location of points on a number plane to maps, plans, street directories and theatre seating and note the different recording conventions eg 15(E (Communicating, Reflecting)
compare similarities and differences between sets of linear relationships (Reasoning)
eg 
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sort and classify equations of linear relationships into groups to demonstrate similarities and differences (Reasoning)
question whether a particular equation will have a similar graph to another equation and graph the line to check (Questioning, Applying Strategies, Reasoning)
recognise and explain that not all patterns form a linear relationship (Reasoning)
determine and explain differences between equations that represent linear relationships and those that represent non-linear relationships 
(Applying Strategies, Reasoning)

explain the significance of the point of intersection of two lines in relation to it being a solution of each equation (Applying Strategies, Reasoning)
question if the graphs of all linear relationships that have a negative x term will decrease (Questioning)
reason and explain which term affects the slope of a graph, making it either increasing or decreasing (Reasoning, Communicating)
use a graphics calculator and spreadsheet software to graph and compare a range of linear relationships (Applying Strategies, Communicating)

	Background Information
	

	In this topic, the notion of locating position that was established in Stage 3 in the Space and Geometry strand is further developed to include negative numbers and the use of the four-quadrant number plane.

While alternative grid systems may be used in early experiences, it is intended that the standard rectangular grid system be established.
	In this topic, linear refers to straight lines.

Investigate the use of coordinates by Descartes and Fermat to identify points in terms of positive or zero distances from axes. Isaac Newton introduced negative values.

	Language
	

	Students will need to become familiar with and be able to use new terms including coefficient, constant term, and intercept.
	


	Coordinate Geometry
	Stage 5.1

	PAS5.1.2
	Key Ideas

	Determines the midpoint, length and gradient of an interval joining two points on the number plane and graphs linear and simple non-linear relationships from equations
	Use a diagram to determine midpoint, length and gradient of an interval joining two points on the number plane

Graph linear and simple non-linear relationships from equations

	Knowledge and Skills

Students learn about 

Midpoint, Length and Gradient

· determining the midpoint of an interval from a diagram

· graphing two points to form an interval on the number plane and forming a right-angled triangle by drawing a vertical side from the higher point and a horizontal side from the lower point

· using the right-angled triangle drawn between two points on the number plane and Pythagoras’ theorem to determine the length of the interval joining the two points

· using the right-angled triangle drawn between two points on the number plane and the relationship        
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to find the gradient of the interval joining two points

· determining whether a line has a positive or negative slope by following the line from left to right – if the line goes up it has a positive slope and if it goes down it has a negative slope

· finding the gradient of a straight line from the graph by drawing a right-angled triangle after joining two points on the line

Graphs of Relationships

· constructing tables of values and using coordinates to graph vertical and horizontal lines such as 
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· identifying the x - and y -intercepts of graphs

· identifying the x -axis as the line y = 0
· identifying the y -axis as the line x = 0
· graphing a variety of linear relationships on the number plane by constructing a table of values and plotting coordinates using an appropriate scale eg graph the following:
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	Working Mathematically

Students learn to

· describe the meaning of the midpoint of an interval and how it can be found (Communicating)
· describe how the length of an interval joining two points can be calculated using Pythagoras’ theorem (Communicating, Reasoning)
· explain the meaning of gradient and how it can be found for a line joining two points 
(Communicating, Applying Strategies)
· distinguish between positive and negative gradients from a graph (Communicating)
· relate the concept of gradient to the tangent ratio in trigonometry for lines with positive gradients (Reflecting)
· describe horizontal and vertical lines in general terms (Communicating)
· explain why the x -axis has equation y = 0 
(Reasoning, Communicating)
· explain why the y -axis has equation x = 0 
(Reasoning, Communicating)
· determine the difference between equations of lines that have a negative gradient and those that have a positive gradient (Reasoning)
· use a graphics calculator and spreadsheet software to graph, compare and describe a range of linear and simple non-linear relationships
(Applying Strategies, Communicating)

· apply ethical considerations when using hardware and software (Reflecting)


	Coordinate Geometry (continued)
	Stage 5.1

	· graphing simple non-linear relationships 

eg
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· determining whether a point lies on a line by substituting into the equation of the line
	

	Background Information
	

	The process of drawing vertical and horizontal lines to find gradients is applied in a variety of other situations eg finding angles of elevation or depression, gradients in calculus in later Stages, and plotting courses using compass bearings. 


	Students will have met travel, step and conversion graphs in the Data strand in Stage 4.

Midpoint links with average in Number.

Exponential graphs link with work on indices.

In Geography, students find the gradient between various locations using contour lines and the map scale.


	Coordinate Geometry
	Stage 5.2

	PAS5.2.3
	Key Ideas

	Uses formulae to find midpoint, distance and gradient and applies the gradient/intercept form to interpret and graph straight lines
	Use midpoint, distance and gradient formulae

Apply the gradient/intercept form to interpret and graph straight lines

	Knowledge and Skills

Students learn about 

Midpoint, Distance and Gradient Formulae

· using the average concept to establish the formula for the midpoint, M, of the interval joining two points 
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· using the formula to find the midpoint of the interval joining two points on the number plane

· using Pythagoras’ theorem to establish the formula for the distance, d, between two points 
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· using the formula to find the distance between two points on the number plane

· using the relationship 
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to establish the formula for the gradient, m, of an interval joining two points 
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· using the formula to find the gradient of an interval joining two points on the number plane
	Working Mathematically

Students learn to

· explain the meaning of each of the pronumerals in the formulae for midpoint, distance and gradient (Communicating)
· use the appropriate formulae to solve problems on the number plane (Applying Strategies)
· use gradient and distance formulae to determine the type of triangle three points will form or the type of quadrilateral four points will form and justify the answer (Applying Strategies, Reasoning)
· explain why the following formulae give the same solutions as those in the left-hand column
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 and
    (Reasoning, Communicating)


	Coordinate Geometry (continued)
	Stage 5.2

	Gradient/Intercept Form

· constructing tables of values and using coordinates to graph straight lines of the form  y = mx + b ie gradient/intercept form
· recognising equations of the form y = mx + b as representing straight lines and interpreting the    

     x -coefficient (m) as the gradient and the constant (b) as the y -intercept

· rearranging an equation in general form
 (ax + by + c = 0) to the gradient/intercept form

· graphing equations of the form y = mx + b using the y -intercept (b) and the gradient (m)
· determining that two lines are parallel if their gradients are equal

· finding the gradient and the y -intercept of a straight line from the graph and using them to determine the equation of the line
	· determine the difference in equations of lines that have a negative gradient and those that have a positive gradient (Reasoning)
· match equations of straight lines to graphs of straight lines and justify choices (Communicating, Reasoning)
· compare similarities and differences between sets of linear relationships 
eg 
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   (Reasoning)
· sort and classify a mixed set of equations of linear relationships into groups to demonstrate similarities and differences (Reasoning, Communicating)
· conjecture whether a particular equation will have a similar graph to another equation and graph both lines to test the conjecture (Questioning, Applying Strategies, Reasoning)
· explain the effect on the graph of a line of changing the gradient or y -intercept (Reasoning, Communicating)
· use a graphics calculator and spreadsheet software to graph a variety of equations of straight lines, and compare and describe the similarities and differences between the lines
(Applying Strategies, Communicating, Reasoning)
· apply knowledge and skills of linear relationships to practical problems (Applying Strategies)

· apply ethical considerations when using hardware and software (Reflecting)

	Background Information
	

	The Cartesian plane is named after Descartes who was one of the first to develop analytical geometry on the number plane.

He shared this honour with Fermat. Descartes and Fermat are recognised as the first modern mathematicians.


	


	Coordinate Geometry
	Stage 5.2

	PAS5.2.4
	Key Ideas

	Draws and interprets graphs including simple parabolas and hyperbolas
	Draw and interpret graphs including simple parabolas and hyperbolas

	Knowledge and Skills

Students learn about 

· generating simple quadratic relationships, compiling tables of values and graphing equations of the form

y = ax2 and y = ax2 + c

· generating simple hyperbolic relationships, compiling tables of values and graphing equations of the form 
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· identifying graphs of straight lines, parabolas and hyperbolas

· matching graphs of straight lines, parabolas and hyperbolas to the appropriate equations
	Working Mathematically

Students learn to

· identify parabolic shapes in the environment (Reflecting)
· describe the effect on the graph of 
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 of multiplying by different constants or of adding different constants (Reasoning, Communicating)
· discuss and predict the equation of a parabola from its graph, with the main features clearly marked, using computer graphing software (Communicating)
· describe the effect on the graph of 
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 of multiplying by different constants 
(Reasoning, Communicating)
· explain what happens to the y -values of the points on the hyperbola 
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 as the x -values get very large (Reasoning, Communicating)
· explain what happens to the y -values of the points on the hyperbola 
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 as the x -values get closer to zero (Reasoning, Communicating)
· sort and classify a set of graphs, match each graph to an equation, and justify each choice 
(Reasoning, Communicating)
· explain why it may be useful to include small and large numbers when constructing a table of values

eg ‘For 
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 , why do we need to use more than the integers 1, 2, 3, and 4 for x?’

(Reasoning, Communicating)

· use a graphics calculator and spreadsheet software to graph, compare and describe a range of linear and non-linear relationships

(Applying Strategies, Communicating)

	Background Information
	

	Graphics calculators and various computer programs facilitate the investigation of the shapes of curves and the effect on the equation of multiplying by, or adding, a constant.
	This topic could provide opportunities for modelling.

For example, the hyperbola 
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	§ Coordinate Geometry
	Stage 5.3

	§ PAS5.3.3
	Key Ideas

	Uses various standard forms of the equation of a straight line and graphs regions on the number plane
	Use and apply various standard forms of the equation of a straight line, and graph regions on the number plane

	Knowledge and Skills

Students learn about

Equations of a Straight Line 

· describing the equation of a line as the relationship between the x - and y -coordinates of any point on the line

· finding the equation of a line passing through a point 
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· finding the equation of a line passing through two points 

· recognising and finding the equation of a line in the general form: 
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· rearranging equations from the general form to the gradient/intercept form and hence graphing the line

· rearranging equations in the gradient-intercept form to the general form 

· sketching the graph of a line by finding the x - and y -intercepts from its equation

· demonstrating that two lines are perpendicular if the product of their gradients is –1

· finding the equation of a line that is parallel or perpendicular to a given line
	Working Mathematically

Students learn to

· recognise from a list of equations those that result in straight line graphs (Communicating)
· describe conditions for lines to be parallel or perpendicular (Reasoning, Communicating)
· show that if two lines are perpendicular then the product of their gradients is –1 
(Applying Strategies, Reasoning, Communicating)
· discuss the equations of graphs that can be mapped onto each other by a translation or by reflection in the y -axis
eg consider the graphs 
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and describe the transformation that would map one graph onto the other (Communicating)
· describe the conditions for a line to have a negative gradient (Reasoning, Communicating)
· prove that a particular triangle drawn on the number plane is right-angled (Applying Strategies, Reasoning)

use a graphics calculator and spreadsheet software to graph, compare and describe a range of linear relationships (Applying Strategies, Communicating)

apply ethical considerations when using hardware and software (Reflecting)


	Regions

· graphing inequalities of the form 
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· graphing inequalities such as 
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 on the number plane by considering the position of the boundary of the region as the limiting case

· checking whether a particular point lies in a given region specified by a linear inequality

· graphing regions such as that specified by
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	· find areas of shapes enclosed within a set of lines on the number plane eg find the area of the triangle enclosed by the lines y = 0,  y = 2x,  x + y = 6 
(Applying Strategies)
· describe a region from a graph by identifying the boundary lines and determining the appropriate inequalities for describing the enclosed region 
(Applying Strategies, Communicating)


	§ Coordinate Geometry
	Stage 5.3

	§ PAS5.3.4
	Key Ideas

	Draws and interprets a variety of graphs including parabolas, cubics, exponentials and circles and applies coordinate geometry techniques to solve problems
	Draw and interpret a variety of graphs including parabolas, cubics, exponentials and circles

Solve coordinate geometry problems

	Knowledge and Skills

Students learn about 

Graphs

· identifying a variety of graphs from their equations

· finding x - and y -intercepts for the graph of  
y = ax2 + bx + c given a, b and c
· graphing a range of parabolas, including where the equation is given in the form
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    for various values of a, b and c
· finding the equation of the axis of symmetry of a parabola by:
-  finding the midpoint of the interval joining the points 
at which the parabola cuts the 
[image: image146.wmf]x

-axis
-  using the formula 
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· finding the coordinates of the vertex of a parabola by:
-  finding the midpoint of the interval joining the points 
at which the parabola cuts the x -axis and substituting
-  completing the square
-  using the formula for the axis of symmetry to obtain
   the x -coordinate and substituting to obtain the

       y -coordinate

· identifying and using features of parabolas and their equations to assist in sketching quadratic relationships eg x - and y -intercepts, vertex, axis of symmetry and concavity

· graphing equations of the form 
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 and describing the effect on the graph of different values of a and d
· sketching, comparing and describing the key features of simple exponential curves such as
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· recognising and describing the algebraic equations that represent circles with centre the origin and radius r
· using Pythagoras’ theorem to establish the equation of a circle, centre the origin, radius  r and graph equations of the form 
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[image: image151.wmf]
	Working Mathematically

Students learn to

· describe the graph of a parabola from its equation (Communicating)
· investigate and describe similarities and differences between the graphs of a variety of parabolas such as
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    (Questioning, Applying Strategies, Reasoning, Communicating)
· investigate the graphs of parabolas of the following forms to determine features 
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    (Applying Strategies)
· sort and classify a set of equations, match each equation to a graph, and justify each choice 
(Applying Strategies, Reasoning)
· discuss and predict a possible equation from a given graph and check using technology 
(Applying Strategies, Reasoning)
· draw and compare graphs using a graphics calculator and/or a computer graphing package 
(Applying Strategies)
· compare and contrast a mixed set of graphs and determine possible equations from key features 

eg 
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    (Applying Strategies, Reasoning, Communicating)
· determine whether a particular point is inside, on, or outside a circle (Applying Strategies, Reasoning)


§ 

	Coordinate Geometry (continued)
	Stage 5.3

	Coordinate Geometry Problems

· solving a variety of problems by applying coordinate geometry formulae and reasoning


	· derive the formula for the distance between two points (Applying Strategies, Reasoning)
· show that two intervals with equal gradients and a common point form a straight line and use this to show that three points are collinear 
(Applying Strategies, Reasoning)
· use coordinate geometry to investigate and describe the properties of triangles and quadrilaterals 
(Applying Strategies, Reasoning, Communicating)
· use coordinate geometry to investigate the intersection of the perpendicular bisectors of the sides of acute-angled triangles 
(Applying Strategies, Reasoning, Communicating)
· show that four specified points form the vertices of particular quadrilaterals 
(Applying Strategies, Reasoning, Communicating)

	Background Information
	

	Links to other key learning areas and real life examples of graphs eg exponential graphs used for population growth in demographics, radioactive decay, town planning, etc.
	This topic could provide opportunities for modelling.

For example, 
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	Graphs of Physical Phenomena
	Stage 5.2

	PAS5.2.5
	Key Ideas

	Draws and interprets graphs of physical phenomena
	Draw and interpret graphs of physical phenomena

	Knowledge and Skills

Students learn about 

· interpreting distance/time graphs made up of straight line segments

· determining which variable should be placed on the horizontal axis

· drawing distance/time graphs

· telling a story shown by a graph by describing how one quantity varies with the other
eg number of cars at a red light, the temperature of water in a storage heater

· sketching informal graphs to model familiar events 
eg noise level within the classroom during the lesson

· using the relative positions of two points on a graph, rather than a detailed scale, to interpret information


	Working Mathematically

Students learn to

· describe the meaning of different gradients for the graph of a particular event (Communicating)
· distinguish between positive and negative gradients from a graph (Communicating)
· match a graph to a description of a particular event and explain reasons for the choice (Reasoning, Communicating)
· compare graphs of the same simple situation, decide which one is the most appropriate and explain why (Applying Strategies, Reasoning, Communicating)
· use spreadsheets to generate examples of everyday graphs (Applying Strategies)
· model, record data and sketch graphs to investigate the distance of a moving object from a fixed point in relation to time
eg move along a measuring tape for 30 seconds using a variety of activities that involve a constant rate such as:
-
walking slowly
-
walking for 10 seconds, stopping for 10 seconds and continuing at the same rate for the remaining 10 seconds to the end of the tape
-
walking for 10 seconds, stopping for 10 seconds and then turning around and walking back to the beginning of the tape for 10 seconds

-
starting at the other end of the line and walking back towards the beginning at a constant speed 

and record the distance at fixed time intervals so that a graph can be drawn to represent each situation   
(Applying Strategies, Communicating)

· use technology such as data loggers to collect data for constant speeds and graph the data to compare and contrast graphs (Applying Strategies, Reasoning)


	Background Information
	

	Links with work done in the Data strand.

At this Stage, the focus is on examining situations where the data yields a constant rate of change. It is possible that some practical situations may yield a variable rate of change. This is the focus at the next Stage in PAS5.3.5.

Data loggers are used in Science for the collection of data and should be readily available in schools.
	It is the usual practice in mathematics to place the independent variable on the horizontal axis and the dependent variable on the vertical axis. This is not always the case in other subjects eg Economics.

	Graphs of Physical Phenomena
	Stage 5.3

	PAS5.3.5
	Key Ideas

	Analyses and describes graphs of physical phenomena
	Analyse and describe graphs of physical phenomena

	Knowledge and Skills

Students learn about 

· interpreting distance/time graphs when the speed is variable 

· analysing the relationship between variables as they change over time
eg draw graphs to represent the relationship between the depth of water in containers of different shapes when they are filled at a constant rate

· interpreting graphs, making sensible statements about the rate of increase or decrease, the initial and final points, constant relationships as denoted by straight lines, variable relationships as denoted by curved lines, etc

· describing qualitatively the rate of change of a graph using terms such as ‘increasing at a decreasing rate’

· sketching a graph from a simple description given a variable rate of change 


	Working Mathematically

Students learn to

· decide whether a particular graph is a suitable representation of a given physical phenomenon (Communicating)
· match a set of distance/time graphs to a set of descriptions and give reasons for choices (Applying Strategies, Reasoning, Reflecting, Communicating)
· model, record data and sketch graphs to investigate the distance of a moving object from a fixed point in relation to time
eg move along a measuring tape for 30 seconds in a variety of activities (including variable speeds) such as:
-
running as fast as possible
-
walking slowly
-
walking for 10 seconds, stopping for 10 seconds and      

walking for the remaining 10 seconds
-
starting at the other end of the line and walking back

towards the beginning
-
walking slowly for 10 seconds and then speeding up 

until the end of the tape
-
running at a decreasing speed
and record the distance at fixed time intervals so that a graph can be drawn to represent each situation (Applying Strategies, Communicating)

· match a set of distance/time graphs to situations, as in the example above, and discuss the likelihood that they are accurate, appropriate, and whether they are possible (Applying Strategies, Communicating, Reasoning)
· use technology such as data loggers to collect data for variable speeds and graph the data to compare and contrast the graphs 
(Applying Strategies, Reasoning) 



	Background Information
	

	Rate of change can be linked to rates met in the Number strand. In this section, rate of change is considered as it occurs in practical situations, including population growth and travel. Simple linear models have a constant rate of change. In other situations, the rate of change is variable.

Data loggers are used in Science for the collection of data and should be readily available in schools.
	This topic is intended to provide experiences for students that will give them an intuitive understanding of rates of change and will assist the development of appropriate vocabulary. No quantitative analysis is needed at this Stage.




	# Curve Sketching and Polynomials
	Stage 5.3

	# PAS5.3.6
	Key Ideas

	Uses a variety of techniques to sketch a range of curves and describes the features of curves from the equation
	Sketch a range of polynomials

	Knowledge and Skills

Students learn about 

· graphing, and comparing the features of the graphs of equations of the form
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· relating the roots of the equation to the x -intercepts and relating the constant term to the y -intercept

· graphing a variety of equations of the form
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, describing the effect of n being odd or even on the shape of the curve

· graphing curves of the form y = axn + k  from curves of the form y = axn by vertical transformations

· graphing curves of the form y = a(x – r)n after first graphing curves of the form y = axn and then using horizontal transformations

· establishing the equation of the circle centre (h,k) , radius r, and graphing equations of the form  
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· recognising and describing equations that represent circles

· finding the centre and radius of a circle whose equation is in the form 
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, by completing the square

· determining the points of intersection of a line with a parabola, circle or hyperbola, graphically and algebraically

· describing graphs in terms of what happens to the y -values as x becomes very large or very small, whether there is a y -value for every x -value, and what occurs near or at x = 0

	Working Mathematically

Students learn to

· describe how to sketch a particular curve by determining its features from the equation 
(Applying Strategies, Communicating)

· describe the effect on a particular curve of multiplying  x by a value a, or of adding a constant d
(Reasoning, Communicating)

· describe the shape and features of a curve in words from the equation 
(Applying Strategies, Reasoning, Communicating)

· compare, describe and sketch a mixed set of equations such as
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    (Applying Strategies, Reasoning, Communicating)
· identify equations that have a graph that is symmetrical about the y -axis (Applying Strategies)

· compare methods of finding points of intersection of curves and justify choice of method for a particular example (Reasoning, Communicating)
· use a graphics calculator and spreadsheet software to graph, compare and describe a range of polynomials

     (Applying Strategies, Communicating)


	# Curve Sketching and Polynomials
	Stage 5.3

	# PAS5.3.7
	Key Ideas

	Recognises, describes and sketches polynomials, and applies the factor and remainder theorems to solve problems
	Add, subtract, multiply and divide polynomials

Apply the factor and remainder theorems

	Knowledge and Skills

Students learn about 

· recognising a polynomial expression
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and using the terms degree, leading term, leading coefficient, constant term and monic polynomial appropriately

· using the notation P(x) for polynomials and P(c) to indicate the value of P(x) for x = c
· adding and subtracting polynomials and multiplying polynomials by linear expressions

· dividing polynomials by linear expressions to find the quotient and remainder, expressing the polynomial as the product of the linear expression and another polynomial plus a remainder
eg  
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· verifying the remainder theorem and using it to find factors of polynomials

· using the factor theorem to factorise certain polynomials completely 
ie if 
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 is a factor of P(x), then P(a) = 0

· using the factor theorem and long division to find all zeros of a simple polynomial and hence solve 
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· stating the number of zeros that a polynomial of degree n can have 

· sketching the graphs of quadratic, cubic and quartic polynomials by factorising and finding the zeros

· determining the effect of single, double and triple roots of a polynomial equation on the shape of the curve

· using the leading term, the roots of the equation and the x - and y -intercepts to sketch polynomials

· using the sketch of 
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	Working Mathematically

Students learn to

· recognise linear, quadratic and cubic expressions as examples of polynomials and relate sketching of these curves to factorising polynomials and finding the zeros (Applying Strategies, Reasoning, Reflecting, Communicating)
· determine the importance of the sign of the leading term of the polynomial on the behaviour of the curve as 
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(Applying Strategies, Reasoning, Communicating)
· use a graphics calculator or software package to sketch polynomials of odd and even degree and investigate the relationship between the number of zeros and the degree of the polynomial 
(Applying Strategies, Communicating)
· describe the key features of a polynomial so the graph of the polynomial can be drawn from the description (Applying Strategies, Communicating)
· discuss the similarities and differences between the graphs of two polynomials such as 
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(Applying Strategies, Reasoning, Communicating)



	# Functions and Logarithms
	Stage 5.3

	# PAS5.3.8
	Key Ideas

	Describes, interprets and sketches functions and uses the definition of a logarithm to establish and apply the laws of logarithms
	Define functions

Use function notation

Determine inverse functions

Establish and apply the laws of logarithms

	Knowledge and Skills

Students learn about 

Functions

· defining a function as a rule or relationship where for each input there is only one output, or that associates every member of one set with exactly one member of the second set

· using the vertical line test on a graph to decide whether it represents a function 

· using the notation f(x)
· using f(c) notation to determine the value of f(x) when 
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· finding the permissible x - and y -values for a variety of functions (including functions represented by straight lines, parabolas, exponentials and hyperbolas)

· determining the inverse functions for a variety of functions and recognising their graphs as reflections in the line y = x
· sketching the graph of 
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	Working Mathematically

Students learn to

· sketch graphs to model relationships that occur in practical situations and explain the relationship between the variables represented in the graph (Applying Strategies, Reasoning, Communicating)
· consider a graph that represents a practical situation and explain the relationship between the two variables (Applying Strategies, Reasoning, Communicating)
· explain whether a given graph represents a function (Applying Strategies, Reasoning, Communicating)
· decide whether a straight line graph always, sometimes or never represents a function 
(Applying Strategies, Communicating)
· explain the conditions for a function to have an inverse function (Applying Strategies, Reasoning, Communicating)
· recognise and describe the restrictions that need to be placed on quadratic functions so that they have an inverse function (Applying Strategies, Reasoning, Reflecting, Communicating)

	Logarithms

The logarithm of a number to any positive base is the index when the number is expressed as a power of the base. Alternatively, 
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· defining logarithms as indices and translating index statements into equivalent statements using logarithms eg 
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· deducing the following laws of logarithms from the laws of indices:
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	· relate logarithms to practical scales that use indices 
eg Richter, decibel and pH 
(Applying Strategies, Communicating)

· compare and contrast a set of exponential and logarithmic graphs drawn on the same axes to determine similarities and differences 

eg
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     (Applying Strategies, Reasoning, Communicating)



	# Functions and Logarithms (continued)
	Stage 5.3

	· establishing and using the following results:
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· applying the laws of logarithms to evaluate simple expressions
eg evaluate the following:
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· simplifying expressions using the laws of logarithms 
eg simplify 
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· drawing the graphs of the inverse functions 
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· solving simple equations that contain exponents or logarithms  
eg 
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	Background Information
	

	Teachers could consider the history and applications of logarithms.

Logarithm tables were used to assist with calculations before the use of hand-held calculators. They converted multiplication and division to addition and subtraction thus simplifying the calculations.
	

	Language
	

	Teachers need to emphasise the correct language used in connection with logarithms  

eg logaax = x is ‘log to the base a of a to the power of x equals x’.
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