Mathematics Years 7–10 Syllabus: Advice on Programming and Assessment

3.4 Stage 4 Unit: Fractions

3.4.1  Outcomes, Key Ideas and Content from the Syllabus

	Number - Fractions, Decimals and Percentages
	Syllabus Content p 63 

	NS4.3
	Key Ideas

	Operates with fractions, decimals, percentages, ratios and rates
	Perform operations with fractions and mixed numerals

	Working Mathematically Outcomes
	

	Questioning
	Applying Strategies
	Communicating
	Reasoning
	Reflecting

	Asks questions that could be explored using mathematics in relation to Stage 4 content
	Analyses a mathematical or real-life situation, solving problems using technology where appropriate
	Uses mathematical terminology and notation, algebraic symbols, diagrams, text and tables to communicate mathematical ideas
	Identifies relationships and the strengths and weaknesses of different strategies and solutions, giving reasons
	Links mathematical ideas and makes connections with, and generalisations about, existing knowledge and understanding in relation to Stage 4 content

	Knowledge and Skills

· finding highest common factors and lowest common multiples 

· finding equivalent fractions 

· reducing a fraction to its lowest equivalent form

· adding and subtracting fractions using written methods 

· expressing improper fractions as mixed numerals and vice versa

· adding mixed numerals

· subtracting a fraction from a whole number
eg 
[image: image77.bmp]
· multiplying and dividing fractions and mixed numerals

This is a subset of the content for this outcome since the focus in this unit is on operations with fractions. It does not include decimals, percentages, ratios or rates.
	Working Mathematically

· explain multiplication of a fraction by a fraction using a diagram to illustrate the process 
(Reasoning, Communicating)
· explain why division by a fraction is equivalent to multiplication by its reciprocal 
(Reasoning, Communicating)
· recognise and explain incorrect operations with fractions eg explain why 
[image: image2.wmf]
(Applying Strategies, Reasoning, Communicating)
· question the reasonableness of statements in the media that quote fractions, decimals or percentages 
eg ‘the number of children in the average family is 2.3’ (Questioning)
· solve a variety of real-life problems involving fractions, decimals and percentages (Applying Strategies)
· use a number of strategies to solve unfamiliar problems, including:

· using a table                        

· looking for patterns             

· simplifying the problem      

· drawing a diagram

· working backwards

· guess and refine 
(Applying Strategies, Communicating)

	Technology

Electronic calculators can be used to investigate patterns, check solutions, and convert between fractions, decimals and percentages.
	Links

Fraction concepts are applied in other areas of mathematics eg simplifying algebraic expressions, Probability, Trigonometry and Measurement.

	Resources

Fraction circles, pattern blocks

Squares of paper, strips of paper

Fractions mats

List of References (p 48) – No.s 4, 9, 10, 11, 12, 13
	Language

Students may need assistance with the subtleties of the English language when solving word problems. Consider for example the phrases ‘one third of’, ‘how many thirds in’, and ‘one third of the part remaining’.


3.4.2
Learning experiences and assessment activites

	Learning Experiences
	Assessment Activities

	Introduction

Activities require students to be flexible in their thinking about fractions. They need to be able to visualise and interpret a fraction represented as part of a whole using a linear model or a number line, and also to recognise a fraction as part of a whole using an area model.

Review of Fractions

To review and consolidate the learning of fractions from Stages 2 and 3, students could:

use fraction circles, fraction strips or pattern blocks to model halves, quarters and eighths; thirds, sixths and twelfths; fifths and tenths; and record equivalence statements

use concrete models of simple fractions to aid addition of fractions where one denominator is a multiple of the other

use a fractions mat like the one below to determine equivalent fractions or to perform addition and subtraction of simple fractions

order fractions that have related denominators

change improper fractions to mixed numerals and mixed numerals to improper fractions (with denominators 2, 3, 4, 5, 6, 8, 10, 12)

Introduction to Stage 4 Content

To extend students experiences of fractions beyond denominators of 2, 3, 4, 5, 6, 8, 10, 12 and 100, students could:

assign fractional values to each of the pieces in a tangram puzzle

find a fraction that is equidistant from two others on the number line    

eg 
[image: image3.wmf]and 
[image: image4.wmf].

Addition and Subtraction of Fractions

Students could:

[image: image1.wmf]model addition and subtraction of fractions using concrete materials for those with co-prime denominators. This should include the development of understanding of lowest common multiple (LCM)

      eg  
[image: image5.wmf]
describe a method for finding the LCM of two numbers to a partner. Choose any two numbers less than 13 and ask the partner to find the LCM. Repeat this several times, with students swapping notes

use a diagram to illustrate how 
[image: image6.wmf] can be added by first finding the LCM, shading equivalent areas, and then adding

model addition and subtraction of mixed numerals using concrete materials. In pairs, students discuss a method that could be used without the use of concrete materials and share this with another pair

develop and use written methods for adding and subtracting fractions 
	Open-ended Questions [image: image7.wmf]
Open-ended questions can be used to find out what students know and can do from earlier Stages. Students could work on such questions in pairs to encourage discussion of ideas. Listening to students’ conversations provides valuable insights into their knowledge, skills and understanding.

For example:

a write down everything you know about one half

b draw a shape and shade one quarter of it. Can you shade it in a different way?

c i) place the following fractions in order: 
[image: image8.wmf], 
[image: image9.wmf], and 
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ii) record three different fractions like these and place them in order

d i) record a fraction that lies between 
[image: image11.wmf] and 
[image: image12.wmf]
ii) find another fraction

iii) how did you get your answers?

e write down 5 fractions that are equivalent to 
[image: image13.wmf] and explain how you determined these answers to another student.

What’s the Problem? [image: image14.wmf]
The teacher poses the question:

‘The answer to a problem is one and a half, what might the question be?’

Students record a variety of questions, including word problems, number sentences and questions that involve more than one operation. They are encouraged to include the four operations in their questions.

Possible prompts:

What are you trying to find out?

How could you change your question to give you the right answer?

What if the answer was one half? Could you think of a question?

What could you use to help you?

Can you think of another question?

What do you notice about your questions?

Can you use different denominators?

	Learning Experiences
	Assessment Activities

	Before beginning multiplication of fractions, it will be necessary to determine students’ knowledge, skills and understanding of multiplying a fraction by a whole number from Stage 3. The open-ended questions from the assessment activities provide a good starting point.

Multiplication of Fractions

1. Fold a square of paper in half along a vertical axis and in half again. Unfold, and repeat folds horizontally. 

Students could:

determine that if the side of the square is 1 unit, the area of the whole square is 1 ( 1 square unit ie 1 square unit

determine that the area of each square defined by the fold lines is 
[image: image15.wmf] of the total square ie 
[image: image16.wmf] square unit

count in quarters along the side of the square

trace a rectangle, defined by the fold lines having a length of 
[image: image17.wmf] units and a breadth of 
[image: image18.wmf] units 

express the area of the rectangle as a fraction of the total square 

use the formula for finding the area of a rectangle to write a number sentence linking the length and breadth of the rectangle to its area ie  
[image: image19.wmf]
trace out other rectangles using the fold lines as guides, and record the fraction multiplication facts found by considering the area of each rectangle formed.

2. Students repeat the above, folding the paper square in thirds vertically and in quarters horizontally.

3. Students repeat the above, folding the paper square in thirds vertically and in thirds horizontally.

4. Students pool their results and record in a table:

Length of rectangle

Breadth of rectangle

Area of rectangle

Fraction multiplication 

 L x B = A
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 EMBED Equation.3  [image: image22.wmf]
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[image: image24.wmf]
Students could:

discuss patterns or short cuts for multiplying fractions, without folding a square sheet

write a rule for multiplying fractions using words

develop and use written methods for multiplying fractions.


	Open-ended Questions [image: image25.wmf]
For example:

a if a student wrote the solution to a word problem as 
[image: image26.wmf], what might the word problem have been?

b make up a word problem that involves multiplication of a whole number by a fraction and calculate the answer

c draw a diagram to illustrate 
[image: image27.wmf]
d describe a method that can be used to multiply a fraction by a whole number

e when you multiply a whole number by a fraction less than one, is the answer bigger or smaller than the original number? Give three examples to justify your answer.

f describe what error has been made in the following calculation and correct the solution

       
[image: image28.wmf]
Assessment Activity and Work Sample (see page 24) [image: image29.wmf]
Operations with Fractions

The assessment tasks included on the attached worksheet can be used to assess addition as well as multiplication of fractions.

Possible prompts:

Is there another denominator you could use to add these two fractions?

If you make a mistake in shading, draw another grid like the one given, and try again.

Have you checked your calculations?

Have you shown all necessary working?

Can you do the calculation another way? Do you get the same answer?



	Learning Experiences
	Assessment Activities

	Note that the Stage 3 content does not include division of fractions. 

Division of Fractions

Students could:

discuss the relationship between multiplication and division leading to the conclusion that for each multiplication statement, two division statements may be written eg for 3 ( 4 = 12, the corresponding division statements are 12 ÷ 4 = 3 and 12 ÷ 3 = 4

use the columns in the table below to record corresponding fraction division statements (fraction division L = A ÷ B and B = A ÷ L)

Area of Rectangle

L x B = A

Length of Rectangle

A ( B = L

Breadth of Rectangle

A ( L = B
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[image: image32.wmf]
discuss if they can find a pattern or short cut for dividing fractions

write a rule for dividing fractions using words

experiment with practice exercises to see if their rule can be applied in all instances.

Students will most likely conclude that their rule for dividing fractions is to divide the first numerator by the second numerator, and place over the first denominator divided by the second denominator

eg 
[image: image33.wmf].
They may not be able to apply this rule in instances where the first numerator or denominator is not a multiple of the second eg
[image: image34.wmf].

They should be encouraged to experiment to find a method to use. Either of the following approaches may assist students.

Method 1

To assist with the development of the rule, students could investigate dividing whole numbers by a fraction eg 
[image: image35.wmf], 
[image: image36.wmf], … From here they determine a rule and test it with further examples such as 
[image: image37.wmf].

It may be helpful to use concrete materials to model these questions.

Method 2

Students could determine that 
[image: image38.wmf].

Alternatively, students may find other solutions, such as


[image: image39.wmf].

Finally, students

share their rules, identifying strengths and weaknesses of different methods

refine and record the rule of ‘multiplying by the reciprocal’ for division of fractions

develop and use written methods for dividing fractions.

Students need to solve a variety of problems involving fractions that may combine several operations.
	Open-ended and Closed Questions

For example:

a draw a diagram to illustrate 
[image: image40.wmf]
b which of the following expressions will help solve the word problem ‘How many quarters can be cut using 5 oranges?’:


[image: image41.wmf],   
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c when you divide a fraction by a whole number, is the answer bigger or smaller than the original fraction? Give 3 examples to justify your answer. [image: image45.wmf]
d if a student wrote the solution to a word problem as 
[image: image46.wmf], what might the word problem have been? [image: image47.wmf]
e write the missing fractions in the boxes:
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f match the statements in List A with a numerical expression from List B:

List A

List B
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How many thirds in 4?


[image: image52.wmf]
Share 3 pizzas among 4 people
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How many threes in 4?


[image: image54.wmf]
One third of 4
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g given
[image: image57.wmf], write two corresponding division statements

h investigate and write a report on multiplying and dividing with mixed numbers. [image: image58.wmf]



3.4.3  Assessment activity and work sample

Focus: Number and Working Mathematically

	Operations with Fractions
	
[image: image59.wmf]

	See worksheet on page 25.


	

	
	

	Possible prompts to assist student engagement
	Suggested Materials

	Is there another denominator you could use to add these two fractions?

If you make a mistake in shading, draw another grid, and try again.

Have you checked your calculations?

Have you shown all necessary working?

Can you do the calculation another way? Do you get the same answer?
	pen and paper

worksheet

	Outcomes

	Fractions, Decimals and Percentages (NS4.3)


Operates with fractions, decimals, percentages, ratios and rates

Applying Strategies (WMS4.2) 

Analyses a mathematical or real-life situation, solving problems using technology where appropriate 

Communicating (WMS4.3)

Uses mathematical terminology and notation, algebraic symbols, diagrams, text and tables to communicate mathematical ideas

Reasoning (WMS4.4) 

Identifies relationships and the strengths and weaknesses of different strategies and solutions, giving reasons



	Criteria for judging quality of performance

	The student may demonstrate the following:

	determines the lowest common denominator of the two fractions

expresses two fractions with the same denominator to enable addition and subtraction

reduces a fraction to its simplest equivalent form at the completion of calculations

expresses two fractions with the lowest common denominator to enable addition and subtraction

converts between improper fraction and mixed numeral form

cancels common factors in multiplying fractions to increase efficiency

performs calculations accurately.

	Feedback

	Students will receive:

	possible prompt questions related to the assessment activity to assist their engagement

written feedback on individual responses to indicate evidence of understanding of the concepts related to addition and subtraction of fractions

specific advice about strategies to further consolidate knowledge, skills and understanding, and suggestions for completing related additional tasks

oral feedback (to the class and individuals) related to the overall understanding of the concepts and misconceptions about the mathematical ideas.


Student Worksheet for the Assessment Task

Operations with Fractions






    Name: ________________

Part 1 

A student was asked to evaluate 
[image: image60.wmf].

Here is her working:





[image: image61.wmf]
1. This student chose 18 as the common denominator. Is this the lowest common denominator? Show how you can evaluate 
[image: image62.wmf] using the lowest common denominator.

2. Evaluate 
[image: image63.wmf].

Part 2

A student in answering a word problem wrote 
[image: image64.wmf].

3. What might the word problem have been?

4. Draw a diagram to illustrate 
[image: image65.wmf].

5. Find 
[image: image66.wmf].

6. Evaluate 
[image: image67.wmf], expressing your answer in simplest form.

7. Evaluate 
[image: image68.wmf].

Operations with Fractions Work Sample

[image: image73.wmf][image: image74.wmf][image: image75.wmf][image: image76.bmp][image: image69.wmf]
Q1 and 2.


Identifies lowest common denominator.


Shows detailed working when finding equivalent fractions.


Adds fractions correctly.


Correctly reduces answer � EMBED Equation.3  ��� (improper fraction) to lowest terms.


Converts improper fraction to mixed numeral correctly.





Q3. 


Shows no understanding of the significance of multiplying two fractions, however correctly expresses � EMBED Equation.3  ���as � EMBED Equation.3  ���and � EMBED Equation.3  ���as � EMBED Equation.3  ���.





Q4 and 5.


Correctly applies multiplication process in Q5. Probably used this answer to draw the diagram in Q4, but incorrectly labelled the parts as quarters.





Q6.


Multiplies proper fractions correctly.


Reduces answer to simplest form.


Needs to learn to cancel common factors before multiplying to increase efficiency.





Q7.


Cannot multiply mixed numerals. 


By multiplying the whole numbers together and then multiplying the fractional parts, the student shows confusion with the ‘rule’ for addition.





Follow Up


Concrete activities that demonstrate multiplication of fractions such as � EMBED Equation.3  ��� need to be presented.


These could include halving quantities in recipes, shading areas or paper folding.


The student needs further practice in cancelling common factors prior to multiplication.


Further review and consolidation is needed for multiplication of mixed numerals.


Further experience is required with word problems leading to the understanding that multiplication requires both fractions to be of the same quantity.
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