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Section 11

Question 11 (a)

Criteria Marks
* Correct answer 1
. d
For any cubic affy = ——, so
a
7
afy =——.
Br=-7
Question 11 (b)
Criteria Marks
e Correct primitive 2
* Attempts to use standard integral, or equivalent merit 1

1
J V49 — 4x2

dx
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=—sin. —+¢
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Question 11 (¢)

Criteria Marks
¢ Correct answer 2
* Identifies correct binomial coefficient, or equivalent merit 1

The probability is
7 3
100 (1) (3) _ 10! 3
=12 ==
4)\4) 7131 410
3
1202
410
3
~30.2
49

o . . .. 3
probability of choosing an incorrect option is 1

10 7
. (1 3 .. 1

the term in | —+ — containing | — | .
4 4 4

. e . o1
For each question, the probability of choosing the correct option is — and the

The probability of choosing the correct option for exactly 7 out of 10 questions is

Question 11 (d) (i)

Criteria Marks
* Correct solution 2
* Finds f’ (x) 1

Domain: all real x # £2

Using the quotient rule
(4 x2)-1— x(~2x)
(4 - x2)2
4 -7+ 247

 (a-2)

4+ x?
(4—x2)2

/'(x)=

2
#/(x)> 0 since 4+ x> > 0 for all x, and (4—x?)" >0 forall x # +2

Hence f’(x) > 0 for all x # £2.
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Question 11 (d) (ii)

Criteria Marks
* Correct graph 2
* Finds both vertical asymptotes, or equivalent merit 1
Vi
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Question 11 (e)
Criteria Marks
¢ Correct answer 1
.X X
sin— sin —
) o1
lim = lim —
x—0 3x x—0 6 x
2
1 sin
=— lim
x—0 f
2
= 1 (since lim st _ 1.]
6 t—0




BRI 2013 HSC  Mathematics Extension 1 =~ Marking Guidelines

Question 11 (f)

Criteria Marks
¢ Correct solution 3
« Finds a primitive of the form of atan™'u 2
* Attempts to use given substitution 1
w=edr, M _3pax 2 e
dx
If x =0, then u=e =1
I 3
Ifng, then u=e 3 =e
Hence
1
5 3x
3
J 66 dx
0 e * +1
_1 J
3 1 u + 1
1
[tan u}
1
3(tan e—tan"'1 )
- §fnte-5)
tan~ e - —
3
Question 11 (g)
Criteria Marks
¢ Correct solution 2
e Uses correct derivative of sin™! 5x , or equivalent merit 1

Using the product rule

5
f’(x) = x? ﬁ + 2xsin~! 5x
1-25x2
= 5x° “15x.

= +2xsin
V1 —25x2
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Question 12 (a) (i)

Criteria Marks
¢ Correct answer 1
We want
\/gcosx —sinx = ZCos(x + a)
J3 1
——CoSx ——sinx = cos(x + Oc)
2 2
= cosxcoso — sinxsinc,
3 ) 1 1
So cosax = — and sino = —. Hence tano = —.
2 2 J3
. a:E and0<£<£
6 6 2
Question 12 (a) (ii)
Criteria Marks
¢ Correct solution 2
* (Obtains an equation of the form cos (__): k , or equivalent merit 1

Rearrange the equation and use part (i):

\/gcosx —sinx =1, ie 2cos(x + %) =1

(%)
cos| x+— |=—=
6 2

T T Sm
X+ —=— or X+—=—
6 3 6 3
Hence the solutions satisfying 0 < x < 27 are

T T T

XxX=———=—

3 6 6
andx=5—ﬂ—2=3—ﬂ
6 2
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Question 12 (b)

Criteria Marks
¢ Correct solution 3
* Finds correct primitive, or equivalent merit 2
* Finds correct integrand, or equivalent merit 1
yi
A\
\\
"\
1"\
1"
1
I
I >
0] b 3rm X
02
1l
11
11
1/

Volume of solid is given by

V= 7rJ.y2 dx
3
— 2
2 .X
V= nJ (3s1n—) dx
2
0
3

2 . X
=91 sin? = dx

0

3

V= 97rj 2 l(1 — cosx)dx
0 2

X .
Note: cosx = cos> E —sin

=1- 25in2£

sinzﬁ = l(1 - cosx)
2 2

The volume is 977[(37” + lj units>.

2 X

2
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Question 12 (c¢)

Criteria Marks
¢ Correct solution 3
* Finds values for A, B and k, or equivalent merit 2
1

* Finds value for A, or equivalent merit

As t — oo, T approaches the temperature of the room, and so A = 22.
Whent=0,T=22+B

=80
. B=58.
Hence
T=22+58""

To find k : After 10 minutes the temperature is 60° (¢t =10, T = 60)
60 = 22 + 58¢ K10

38 = 58¢ 10k
loge (%) =—10k,
SO k:_—llog (ﬁj
10 "¢\ 58

To determine time to drop to 40°C:
1 (38)
—log, | |t
40 =22+ 5810 “\58

18 ilog (ﬁ)t
—— —l0 Te\58
58

lo E—Llo (ﬁjt
5810 Bel 58

*. temperature drops to 40° after 28 minutes (to the nearest minute).
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Question 12 (d) (i)
Criteria Marks
* Correct solution 2
* Uses an appropriate method to attempt to find D (t) 1

Using the perpendicular distance formula from P(t,t2 + 3) to the line y=2x-1:

2t—(t2+3)—1‘
Ja+1

— 242 -4

—(t2—2t+4)‘
J5

|2 =21 +4]

J5

Now 12 =2t +4=(t—17+3>0 forall , so

D(t)

2
-2t+4
D(t) = % is the perpendicular distance.
5
Question 12 (d) (ii)
Criteria Marks
* Correct answer 1

To find minimum distance, D’(¢) = 0.
D) = —(26-2)

J5

2 (1—1)

NG
=0
=1

Minimum because D(t) — oo as t — oo,

Alternative: D(¢) is a quadratic with minimum at # =1 since D(t) = %((l - 1)2 + 3).
5
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Question 12 (d) (iii)

Criteria Marks
* Correct solution 1
t =1 corresponds to x =1, on the curve given by y = x? +3.
y’ = 2x, so the slope of the tangent at x =1 is 2.
Also, the slope of the line y =2x -1 is 2.
. the line and the tangent are parallel, since their gradients are equal.
Question 12 (e)
Criteria Marks
* Correct solution 2
* Correctly differentiates v? with respect to x, or equivalent merit 1

v +9x2 =k
v2 =k —9x?
1
d 2_lk_2x2
2 2 2

For SHM, i = —nz(x - b).
Now, ¥ = —9x, is of this form with
n=3and b=0

As n =3, the period is 2?7[

—10-
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Question 13 (a) (i)
Criteria Marks
¢ Correct solution 1
4
Using V = 57‘”‘3 and A = 47r?,
104a=4Y
dt
_dvar
dr dt
= 47r? dr
dt
_adr
dt
di" —4 . .
Hence Z =-10"", which is constant.
Question 13 (a) (ii)
Criteria Marks
¢ Correct answer 2
* Finds initial radius, or equivalent merit 1

. dl" -4
From part (i) — =10
part (i) ”

To determine the initial radius of the raindrop:

i71'1’3 =107°,
3

S0 12 = ilO_6
4w

r= ﬂi 1072
4r

_ L3
102 V4r
Time to evaporate;
r

107

= 10243/i
4r

. time = 62 seconds (to the nearest second).

!

—11 -
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Question 13 (b) (i)
Criteria Marks
* Correct solution 2
*  Writes an unsimplified expression for the x- or y- coordinate of G, or 1
equivalent merit

The point G divides NT in the ratio 2:1 externally means that 7 is the midpoint of NG.

Hence if (xo, yo) are the coordinates of G, then

0+ X .

5 =ap (x-coordinate of 7))
2a+ ap* +
# =0 (y-coordinate of T)

SXy = 2ap and Yo = —2a — ap2

ie G is the point (2ap, —2a— apz), as required

—12-
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Question 13 (b) (ii)
Criteria Marks
* Correct solution for G 2
* Shows that G lies on a parabola, or equivalent merit 1

The original parabola has focal length a and directrix y = —a. To show

that G (2ap,—2a — ap)2 lies on a parabola, eliminate p from x = 2ap, y=-2a- azp2

X
Now, p=—, so
P=3

a
2
x
=-2a-a| —
Y (20!)
2
y=—2a—£2
4a
2
=-2a->
4a
2
y+2a=—x—
a

x? = —4a(y + 2a)
This is a parabola with focal length a and vertex (0, —2a).
So the directrix is
y=-2a+a
=-a

Hence focal length and directrix are the same for both parabolas.

Alternative:

(Zap,—apz) is the parabola obtained if the original parabola is reflected
about the x-axis. It has focal length a and directrix y = +a.

Now G(2ap,—2a - apz) is obtained by translating the reflected

parabola down by 2a units. Translation preserves the focal length a, and

the directrix becomes y = a—2a = —a.

~13—
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Question 13 (c¢) (i)
Criteria Marks
* Correct solution 2
* Obtains an expression for y, or equivalent merit 1

We need to find the time when the quadratic y = utsino — £42 is a maximum.

dy .
— =usino — gt
dt

= 0 for max/min

usino
=
8

This will be at the maximum height since y = utsina — gtz is a concave down parabola.

Question 13 (c¢) (ii)

Criteria Marks

¢ Correct solution 1

Similarly from part (i), the projectile fired from B reaches its maximum height when

. wsin 8
8
The projectiles collide when they both reach their maximum height.
. .
o usina wsmﬁ’
8 8

so using = wsin f3.

—14-
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Question 13 (c¢) (iii)

Criteria

Marks

¢ Correct solution

* Finds the distance one projectile has travelled

When the projectiles collide, the sum of the two distances travelled must be d. Both

projectiles have travelled for time 7.

usino wsin 3
t= =——", 50
8 8
usinQ wsin
d=u cosor +w ﬁcosﬁ
8 8
wsin usino
=u ﬁcosa+w cosf3
8 8

= ﬂ(sinﬁcosoc +sinoccos B)

= ﬂsin(oc +B).
g

~15—-
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Question 13 (d)

Criteria Marks

¢ Correct solution 3

* Proves that ZQBT and ZPAT are equal AND uses the properties of the
common tangent, or equivalent merit

* Proves that ZQBT and ZPAT are equal or uses the properties of the
common tangent, or equivalent merit

The circles C; and C, have a common tangent at 7.

Choose points X and Y on that tangent as marked on the diagram above.
ZYTP = ZPAT = (angle in alternate segment, chord PT and tangent XY)
ZXTQ = ZQBT =B (angle in alternate segment, chord QT and tangent XY)

But£ZPAT = ZQBT (alternate angles equal, BQ H PA)
iea =p
s LYTP = LXTQ

Hence QP is a straight line making equal vertically opposite angles with line XY at 7.

». P, T,Q are collinear.

—16—
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Question 14 (a) (i)

Criteria Marks
¢ Correct solution 1
1 B l N 1 1 B k+1 N k
(ke1)? Kk k+1 (rp1? Kk+1) k(c+1)
_ ;[; _ 1]
T k+1lk+1 Kk
<0 (since k+1>k and k > 0).
Question 14 (a) (ii)
Criteria Marks
¢ Correct solution 3
» Uses correct assumption in an attempt to prove that p(k):> p(k + 1) 2
» Establishes initial case, or equivalent merit 1

Casen=2:LHSl+i:1+l:§ RHS:2—1:§
1 22 4 4 2 2
LHS < RHS

Hence true forn =2

Assume true for some k > 2

k
1 1
ie 2—2<2—;

p=1P
Need to show true forn =%k +1
k+1
1 1
ie 2 —<2—-—
=1 p2 k+1
Now

1 1
LHS <2—-—+ 5 (by induction assumption)
ko (k+1)
I 1 1 . o 1 1 1
<2—-—+———— | using part (i), ie s<T -
k k k+1 k+1) k k+1
k+1
1 1
ie 2— 2——-
p:]pz k+1

By the principle of Mathematical Induction, it is true for all n > 2.

~17-
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Question 14 (b) (i)

Criteria Marks
¢ Correct answer 1
From the binomial theorem
4n
4
(140" = z( ”]w—k
k=o\ k
. . n - 4n .
The coefficient of x“" is 5 ) choosing k = 2n.
n
Question 14 (b) (ii)
Criteria Marks
¢ Correct solution 2
. 2 n n . . .
* Writes (1 +x° + ij as (1 +x (x + 2))Z or uses the binomial expansion, 1

or equivalent merit

From the binomial theorem

(1+x2+ 2x)2n =(1+x(x+ 2))2n

_Z[ ] (x(x+2)""
By e—

~18—
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Question 14 (b) (iii)

Criteria Marks
* Correct solution 3
* Substitutes the given expression into part (ii) and makes progress towards >
the solution
4n 2 n . .
¢ Connects (1 + x) and (1 + x“ +2x ) , or equivalent merit 1

(1+x2+2x)=(1+x)2, SO

(1422 + 2x)2n =(1+0)"

4n

2n
By part (i), (2 ] is the coefficient of x*" in (1 +x2 + 2x) .

n

From part (ii) these are

. (2 _ 2n—k ) . .
the terms in ( knszn Fx+2)"" fork =0, ...,n. If k > n there is no term involving x2",

Using the given identity the coefficients of x*" are:

k:(): 2]’1 2n—0 2211—0
0 0

~19—
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Question 14 (c¢) (i)

Criteria Marks
* Correct solution 2
* Correctly applies Newton’s method 1

1
_t_
Takef(t)—e )

=0.5-

9+ 4

=0.5621...

Hence ¢, = 0.56 is another approximate solution.

—20—
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Question 14 (c¢) (ii)

Criteria Marks
e Correct solution 3
) i ) ) | .
* Uses part (¢) (i) to find an approximate solution to re’” = <O equivalent 2
merit
) | ) )
¢ Establishes re'* = < or equivalent merit 1

We need to determine r and x so that
1

e” =log x and re’™ = —
¢ X

(common point and equal slope of tangents).

From the equal slopes

rx
Setting rx =t and using part (i), we have an approximate solution

rx =0.56

Since the curves intersect at x,

logex =™ = eO.S6

0.5

.56
x=e° =5.758...
now rx = 0.56
0.56

r=——
5.758...
=0.0972

r=0.097

21—
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Section I
Question Marks Content Syllabus outcomes
1 1 16.2 PE3
2 1 15.1 HE4
3 1 2.8 PE3
4 1 16.1 PE3
5 1 11.5 HE6
6 1 15.2 HE4
7 1 18.1 H5, PE3
8 1 5.7 H5, PE2
9 1 15.3 HE4
10 1 1.4E PE3
Section II
Question Marks Content Syllabus outcomes
11 (a) 1 16.3 PE3
11 (b) 2 15.5 HE4
11 (c) 2 18.2 HE3
11 (d) (i) 2 8.8 P7, HE4
11 (d) (ii) 2 10.5 H6, HE4
11 (e) 1 13.4 H5, HE7
11 () 3 11.5,15.5 HE4, HE6
11 (g) 2 8.8,15.5 P7, HE4
12 (a) (i) 1 57,59 PE2
12 (a) (ii) 2 57,59 PE2
12 (b) 3 11.4, 13.6E H5, HS, HE7
12 (¢) 3 14.2E HE3
12 (d) (i) 2 6.5 P4
12 (d) (ii) 1 8.5,10.6 P4, H5
12 (d) (iii) 1 8.5 P6
12 (e) 2 14.4 HE3
13 (a) () 1 14.1 HES
13 (a) (ii) 2 14.1 HES

_20_
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Question Marks Content Syllabus outcomes
13 (b) (1) 2 6.7E, 9.6 PE3
13 (b) (ii) 2 9.6 PE3, PE4
13 (¢) () 2 14.3 HE3
13 (c) (ii) 1 14.3 HE3
13 (c) (iii) 2 5.7,14.3 PE2, HE3
13 (d) 3 23,29 P4, PE2, PE3, PE6
14 (a) () 1 1.4E PE3
14 (a) (ii) 3 7.4 HE2
14 (b) (i) 1 17.3 HE3
14 (b) (ii) 2 17.3 HE3
14 (b) (iii) 3 17.3 HE3
14 (c) () 2 16.4 HE7
14 (c) (i1) 3 8.6,12.2,12.4,12.5 P6, H3, HE7
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