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Total marks — 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet.

(a) Find jh‘Txdx.

(b) Find Jxezx dx.

2
(¢c) Find J dx.
1+ 4x?

5 —
(d) Evaluate x—6 dx.
’ x> +3x—4

V3 1
(e) EvaluateJ, ——dx.

1 x>+ %2



Question 2 (15 marks) Use a SEPARATE writing booklet.

(a) Write i° in the form a + ib where a and b are real.

3i . .
! in the form a + ib where a and b are real.

(b) Write
2+

(c) The points P and Q on the Argand diagram represent the complex numbers
z and w respectively.

*P(z)

*0(w)

-

Copy the diagram into your writing booklet, and mark on it the following points:
(i) the point R representing iz
(i1) the point S representing w

(iii)) the point T representing z + w.

(d) Sketch the region in the complex plane where the inequalities ‘z -1 ‘ <2 and

_§ <arg(z—1) < % hold simultaneously.

(e) (i) Find all the 5th roots of —1 in modulus-argument form.

(i1)) Sketch the 5th roots of —1 on an Argand diagram.

® (1) Find the square roots of 3 + 4.

(ii) Hence, or otherwise, solve the equation

P+iz—1-i=0.



Question 3 (15 marks) Use a SEPARATE writing booklet.

(a) The diagram shows the graph y = f£(x).

vi

B T e e e

Draw separate one-third page sketches of the graphs of the following:

(b) Find the coordinates of the points where the tangent to the curve
x% + 2xy +3y*> =18 is horizontal.

(c) Let P(x)= x>+ ax?+ bx + 5, where a and b are real numbers.

Find the values of a and b given that (x — 1)2 is a factor of P(x).

Question 3 continues on page 5



Question 3 (continued)

(d) The diagram shows the region enclosed by the curves y=x+1 and
y=(x—l)2.

=Y

The region is rotated about the y-axis.

Use the method of cylindrical shells to find the volume of the solid formed.

End of Question 3



Question 4 (15 marks) Use a SEPARATE writing booklet.

2 2

(a) The ellipse *— + y_z =1 has foci S(ae,0) and S’(-ae, 0) where e is the

a? b

.. . . . . a a .
eccentricity, with corresponding directrices x = " and x = — The point

P(xo, yo) is on the ellipse. The points where the horizontal line through P

meets the directrices are M and M’, as shown in the diagram.

yVi

@

(ii)

(111)

(iv)

=¥V

Show that the equation of the normal to the ellipse at the point P is

2

ay
Y=Y = b2x(()) (X —xo).

The normal at P meets the x-axis at N. Show that N has coordinates
(ezxo, 0).

Using the focus-directrix definition of an ellipse, or otherwise, show that

PS NS
PS’ NS’

Let ¢ =Z4S’PN and B=ZNPS.

By applying the sine rule to AS’PN and to ANPS, show that o = f3.

Question 4 continues on page 7
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Question 4 (continued)

(b) A light string is attached to the vertex of a smooth vertical cone. A particle P of
mass m is attached to the string as shown in the diagram. The particle remains
in contact with the cone and rotates with constant angular velocity @ on a circle
of radius r. The string and the surface of the cone make an angle of o with the
vertical, as shown.

The forces acting on the particle are the tension, 7, in the string, the normal
reaction, N, to the cone and the gravitational force mg.

(i) Resolve the forces on P in the horizontal and vertical directions.

(i1)) Show that T = m(gcosoc + ro’ sina) and find a similar expression
for N.

(ii1) Show thatif T=N then
-1
»? = g(mj

r\tano +1

(iv)  For which values of « can the particle rotate so that 7= N?

End of Question 4



Question 5 (15 marks) Use a SEPARATE writing booklet.

(a) Inthe diagram AB is the diameter of the circle. The chords AC and BD intersect
at X. The point Y lies on AB such that XY is perpendicular to AB. The point K
is the intersection of AD produced and YX produced.

K
D
X C
A [ B
Y

Copy or trace the diagram into your writing booklet.
(i) Show that LAKY = ZABD.
(i1)) Show that CKDX is a cyclic quadrilateral.

(iii)) Show that B, C and K are collinear.

Question 5 continues on page 9



Question 5 (continued)

(b) For each integer n =0, let

(i) Show that for n>1

(© Let f(x) = “=—

(i) Show that f”(x) > 0 forall x>0.

(ii) Hence, or otherwise, show that #’(x) > 0 for all x> 0.

X _ =X

. e
(iii) Hence, or otherwise, show that > x forall x> 0.

End of Question 5



Question 6 (15 marks) Use a SEPARATE writing booklet.

(a) The base of a solid is the region enclosed by the parabola x =4 — y2 and the
y-axis. The top of the solid is formed by a plane inclined at 45° to the xy-plane.
Each vertical cross-section of the solid parallel to the y-axis is a rectangle.
A typical cross-section is shown shaded in the diagram.

Find the volume of the solid.

(b) Let P(x)=x>+ gx>+ gx + 1, where ¢ is real. One zero of P(x) is —1.
(i) Show that if ¢ is a zero of P(x) then é is a zero of P(x).

(ii) Suppose that & is a zero of P(x) and o is not real.
(1) Show that |er|=1.

(2) Show that Re(a):l_Tq.

Question 6 continues on page 11
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Question 6 (continued)

(c) The diagram shows a circle of radius r, centred at the origin, O. The line PQ
is tangent to the circle at Q, the line PR is horizontal, and R lies on the

line x=c.
of_ . \
1 -
NV
(1) Find the length of PQ in terms of x, y and r.
(ii)) The point P moves such that PQ = PR.
Show that the equation of the locus of P is
y2 =r’+ ¢ - 2cx.
(iii))  Find the focus, S, of the parabola in part (ii).
(iv) Show that the difference between the length PS and the length PQ is

independent of x.

End of Question 6
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Question 7 (15 marks) Use a SEPARATE writing booklet.

(a)

A bungee jumper of height 2 m falls from a bridge which is 125 m above the
surface of the water, as shown in the diagram. The jumper’s feet are tied to an
elastic cord of length L m. The displacement of the jumper’s feet, measured
downwards from the bridge, is x m.

- XM K]

-0
L m
(AU O RS U SNSRI S NOT TO
Aizm 125 m SCALE
x=125- \
\ ]
X

The jumper’s fall can be examined in two stages. In the first stage of the fall,
where 0 <x <L, the jumper falls a distance of L m subject to air resistance,
and the cord does not provide resistance to the motion. In the second stage of
the fall, where x > L, the cord stretches and provides additional resistance to
the downward motion.

(i) The equation of motion for the jumper in the first stage of the fall is
X=g—-rv
where g is the acceleration due to gravity, r is a positive constant, and v is
the velocity of the jumper.

(1) Given that x=0 and v =0 initially, show that

xz%ln[ s j—z_
r g—rv r

(2) Given that g:9.8ms_2 and r=0.2 s_l, find the length, L, of
the cord such that the jumper’s velocity is 30 m s™! when x=L.
Give your answer to two significant figures.

(ii)) In the second stage of the fall, where x > L, the displacement x is
given by
t
x = e 10(29sint — 10cost) + 92

where ¢ 1s the time in seconds after the jumper’s feet pass x = L.

Determine whether or not the jumper’s head stays out of the water.

Question 7 continues on page 13
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Question 7 (continued)

(b) Let z=cosO+isinb.
(i) Show that 7"+ z" =2 cosnf, where n is a positive integer.

(i1) Let m be a positive integer. Show that

2 2
(20059)2m = 2 cosZm9+( ;njcos(Zm—Z)9+[ ;njCOS(Zm—LI-)Q

(iii) Hence, or otherwise, prove that

T

2 2m
J cos2" 0 do = 2” . ( )
0 2 m+ m

where m is a positive integer.

End of Question 7

~ 13-



Question 8 (15 marks) Use a SEPARATE writing booklet.

. . . 0 .
(1) Using the substitution = tanE, or otherwise, show that

(a)
0

1
cotf + —tan— = —cot—.
2 2 2 2

(i1)) Use mathematical induction to prove that, for integers n > 1,

n
1 X 1 X
Z tan— = cot— — 2cotx.

- 2r—1 or 2n—1 on

(ii1) Show that

) L 1 X 2
lim 2 tan— = — — 2cotx.
Nn—>oo —l 27‘—1 27‘ X

(iv) Hence find the exact value of

T 1 1 Y
tan— + —tan— + —tan— + ---.
8§ 4 16

Question 8 continues on page 15
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Question 8 (continued)

(b)

(©

=V

0 n-1 n

Let n be a positive integer greater than 1.

. 1 .
The area of the region under the curve y= p from x=n-1 to x=n is

between the areas of two rectangles, as shown in the diagram.

_n IR%
e n-1 <(1——j <el.
n

A game is being played by n people, A, A,, ..., A, , sitting around a table. Each
person has a card with their own name on it and all the cards are placed in a box
in the middle of the table. Each person in turn, starting with A, draws a card at
random from the box. If the person draws their own card, they win the game and
the game ends. Otherwise, the card is returned to the box and the next person
draws a card at random. The game continues until someone wins.

Show that

Let W be the probability that A; wins the game.

Let p:% and qzl—%.

(i) Show that W=p + q"W.

(i) Let m be a fixed positive integer and let W be the probability that
A, wins in no more than m attempts.

Use part (b) to show that, if n is large, Wm is approximately equal

tol—e™".

End of paper
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STANDARD INTEGRALS

cosaxdx

r

sinax dx

r

secZax dx

r

secax tanaxdx

J ! dx
a’ + x?

r

X

1
\/az—xz d
ﬂ;d
S22
I
Vx? +a?

X

r

dx

1 .
= N on#E-1; x#0,ifn<0

o+l

=lnx, x>0

1.

=—sinax, a#0
a
1

=——cosax, a#0
a
1

=—tanax, a#0
a

1
=—secax, az0
a

.1 X
=sin pr a>0, —a<x<a

=1n(x+\/x2—a2), x>a>0

= 1n(x+ \/x2 + a2)

NOTE: Inx=log,x, x>0
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