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‘Sample Answers’

When examination committees develop questions for the examination, they may
write ‘sample answers’ or, in the case of some questions, ‘answers could include’.
The committees do this to ensure that the questions will effectively assess students’
knowledge and skills.

This material is also provided to the Supervisor of Marking, to give some guidance
about the nature and scope of the responses the committee expected students would
produce. How sample answers are used at marking centres varies. Sample answers may
be used extensively and even modified at the marking centre OR they may be considered
only briefly at the beginning of marking. In a few cases, the sample answers may not be
used at all at marking.

The Board publishes this information to assist in understanding how the marking
guidelines were implemented.

The ‘sample answers’ or similar advice contained in this document are not intended
to be exemplary or even complete answers or responses. As they are part of the
examination committee’s ‘working document’, they may contain typographical errors,
omissions, or only some of the possible correct answers.
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Question 1 (a)

2 2
xlnxdx = x—lnx - x—-ldx
2 2 x
2 2
= x—lnx - lx_ C
2 22
2 2
= x—lnx X +C
2 4
Question 1 (b)
3 r3+1
J' xNx+1ldx = (u—l)x/;du u=x+1
0 v 0+l du = dx
(43 1 x=u—1
= | u? —u?du
J1
5 3|4
_25,_2,
5 3

3

2 2
=2(32-1) - 2(8-1

S(32-1)- 3(3-1)
253124

5 3

_ 62 14 _186-70 116
5 3 15 15
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Question 1 (¢) (i)

1 _a b <
2(x=1) x x?

x—1
B ax(x=1)+b(x—=1)+cx?
x2(x-1)

hence 1=ax(x—1)+b(x—1)+cx? for all real x

x=0 = b=-1
x=1 = c¢c=1

equating coefficients of x> = 0=a+c na=-1

1 1 1 1
hence ——=-——-—5+——
x(x-1) x x* x-1
Question 1 (c) (ii)
dx 1 . . . .
S~ =—Inx+—+ In(x-1) + C (integrate each term in the identity
x7(x—1) x

from part (i))
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Question 1 (d)

cos>0 = cosO(l —sin? 0)

hence
Jcos39d9 = Jcos@d@ — Jcos@sinzedQ

SO

Jcos39d0 = sinf@ — %sin39 + C

Question 1 (e)

1 1
1 1
J’ —=dt = J (7dt (completion of square)
_ 1 t - 1
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Question 2 (a) (i)

w+z=2+3i+3+4i
=5+7i

Question 2 (a) (ii)

[ w|? =22+ 3
=13
w| =13

Question 2 (a) (iii)

w  2-3i 3-4i

2 3+4i 3—4i

_ 6-8i—9i—12
25
__6 17
25 25
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Question 2 (b) (i)
z:1+i@+ﬁ+i
=(1+@)+i(1+£)

Question 2 (b) (ii)

A b4
1+1\/§E9

E\/§+i

o
5 -
tanﬁ—L tano = —
J3
p== -3
6
b2
o=—
3
T
o—p=—
P 6
o=n-=
6
6=>"
6
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Question 2 (¢)
Let z=r(cos6+isinf)

by de Moivre’s theorem,

(r(cos@ + isin@))3 = 8(cos2km +isin2km), k an integer

r2(cos30 +isin30) = 2% (cos2krm +isin2kn)
equating moduli: r=2

equating arguments: 360 = 2kx
0= 2kr
3

hence z= Z(COS 2];” +isin 2];7[], k an integer
=2(cos0+isin0) or 2(00527”+ isin%r]

( 4w . . 47r)
or 2| cos—+isin—
3 3

(all equivalent solutions)
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Question 2 (d) (i)

(cos@ + isin0)3 = c0s> 0 + 3cos? (isin@) + 3cos(isin9)2 + (isin@)3

= c0s>0 + 3icos?0sin@ — 3cosOsin® O —isin> O

Question 2 (d) (ii)
by de Moivre’s theorem, (cos6 +isinf)’ = cos36 +isin 30
equating real parts:

co0s>0 — 3cosHsin® O = cos 30

SO cos9— 3c059(1 —cos? 9) =cos30

4¢c0s°0 —3cosf = cos 30

_ co0s30 + 3cosb
4

cos> 0

Question 2 (d) (iii)
4cos>0—3cosh =1
hence by part (ii)

cos30 =1

. . . 2&m
The smallest positive solution is 3
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Question 3 (a) (i)
Y
sin
y=sin—x
2

——]
[\S)
<
EAN
=Y

Question 3 (a) (ii)

7y
. X 2 . 2
lim — = —lim p=
=0 gin" x x>0 Gin ™ x
2 2
_2
o
Question 3 (a) (iii)
yA
2
n
[ |

Asymptotes x =2,x =4
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Question 3 (b)
The height of the isosceles triangle is sinx
. o1 .
1 The volume of a vertical slice is 5 .2cosxsinx Ax
h
1 The total volume is lim 2 cosxsinx Ax
Ax—0 all
cosx slices
T
2 .
= J cosx sinx dx
0
T
1
= [—sin2 x} 2
2 0
1
= — units>
2

Question 3 (¢)

Prove: (Zn)! > " (n!)2

For n=1,itis
2! > 2, which is true.

So, assume it’s true for n.

That is, assume
(2n)! = 2" (n1)?

then (2(n+1))!

\Y

(2n+2)(2n+1)(n)) 2"

v

2(n+1)(2n+1)(n!)* 2"

v

2" (n+1)(n+1)(n!)

= 2" ((n+1)1)’

10—
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Question 3 (d) (i)
2
ezzl-l-b—2 a2=16, b> =9
a
12
16
_2s
16
5
=— >0
e=> (e>0)
Question 3 (d) (ii)

The foci are (iae,O) = (iS,O)

Question 3 (d) (iii)

Q|

y=*t—x

3
The asymptotes are y = izx

—11 -
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Question 3 (d) (iv)

Question 3 (d) (v)
b? b*
e2:1+a—2 e > implies a—2—><><>

hence the asymptotes approach a vertical line and the hyperbola straightens out.

—12 -
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Question 4 (a) (i)

\x+iy—a‘2 ~ \x+iy—b‘2 =1
(=) +if? = [(x=b)+ipf? =1
(x—a)P+y2 —((x=p) +y?) =1

(x—a)’ —(x=b) =1
A —2ax+a® — (X —2bx+b?) =1
x(2b-2a)+a* -b* =1

r= 14+ 5% — 4>
2(b-a)

1 +M(b+a)
“2(b-a) 2(h=a)

as required

Question 4 (a) (ii)

a+b 1
+
2 2(b-a)

hence the locus is a vertical line.

1S a constant,

— 13-
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Question 4 (b)

Question 4 (b) (i)

ZGDH = ZABC (exterior opposite angle of cyclic quadrilateral ABCD)

Extend AF to H
ZGFH = ZABC (corresponding angles, FFG H BC)

hence ZGDA = ZGFH
thus FADG is cyclic (since the exterior opposite angle is equal).

Question 4 (b) (ii)

Alternate angles, FG H AE

Question 4 (b) (iii)
ZLAED = ZGFD (part (ii))
= ZGAD (angles at the circumference, standing on the arc GD of the circle

through F, A, D and G)

hence GA is a tangent  (since the angle in the alternative segment is equal to the angle
between GA and the chord AD).

_14-—
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Question 4 (c) (i)

y=Af(t)+Bg(r)

y=Af(t)+Bg(r)

y=Af(t)+Bg(1)

Substitute in the differential equations:

(AF(r) + BE(1)) + 3(AF (1) + Bg(1r)) + (AS (1) + Bg(1))
= (AJ(1) + 3AF (1) + 24()) + (Bg(r) + 3B&(r) + 2Bg(1))
= 0 + 0

since f (), g(r) are solutions of the differential equation

= 0, as required.

Hence Af(t)+ Bg(t) is a solution.

Question 4 (¢) (ii)
Substitute the trial from y = ¢ into the differential equation:
§ = kel § = k26
I2eM + 3ket +26M =0
e (k2 + 3k +2) =0
M (k+1)(k+2)=0

k=-1 or k=-2

—

AN O)

—-15-



sorreres 2011 Mathematics Extension 2 HSC Examination ‘Sample Answers’

Question 4 (c) (iii)
dy

y= Ae™* + Be™"; i =2A¢ 2 —Be!

Using that y=0 when r =0:
0=A+B ®

d
Using that d_)t} =1 when t=0:

1=-2A-B @

Adding O+® 1=-A SA=-1
hence B=1

thus y=e —e

—-16 -
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Question 5 (a) (i)

Fcos@

Fsin 0// ) \Nsine

90 -6
0
Resolving horizontally: Net force = mw’r (moves in a circle with uniform motion)
Fsinf — Nsin6 = mo*r @®
Resolving vertically: Net force = mg (gravitational force)
FcosO+ Ncos@ = mg @
Question 5 (a) (ii)
From @D, F—N = mw?’rcosecd @
From @, F+ N =mgsec0 @’

Subtracting @ - @"; 2N = mgsecO — mw>*rcosec

1 1
N = Emgsece - Ema)zrcosece

17—
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Question 5 (a) (iii)

When in contact with sphere, the reaction force N = 0. That is if
| 1

Em(v rcosecf < Emgsec@

2 . 8 secO

7cosec9
= §tan9 but tan9=£
r h
Thus 0? < 8L =8
rh h
o’ <

e
IN
b% > o9

Question 5 (b)
lfp+lfq_lir
_p(1+q)(1+7)+q(1+ p)(1+7)=r(1+p)(1+q)
(1+ p)(1+q)(1+7)
p(l+q+r+qr)+q(l+p+r+pr)—r(l+p+q+ pq)
(1+p)(1+q)(1+7)
(p+q—r)+pq+ pf +par+ap+ gf + pqr — vp — 14 — rpq
(I+p)(1+q)(1+7)
(p+q-r)+pq(2+r)
(1+p)(1+q)(1+7)

=0

— 18 —
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Question 5 (¢)

SI

Question 5 (c) (i)

Let line ¢ make an intercept on the y-axis at B.
By the reflection property of an ellipse.

ZS’PB = ZSPQ
Now £S’PB = ZRPQ (vertically opposite angles)

in ARPQ and ASPQ

. ZS'PB= /SPQ and ZS’PB= /RPQ
~ ZSPQ = ZRPQ
. ZRQP = ZSQP =90°  (given PQ L RS)

e PQ is in common
L ARPQ = ASPQ (AAS)

SO =0R (corresponding sides in congruent triangles)

19—
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Question 5 (c) (ii)

ASPR is isosceles A since ARPQ = ASPQ

.. SP=PR

Now S’P+ PS=2a (locus condition of an ellipse)

. S’P+PR=SR=2a

Question 5 (c) (iii)
Join OQ where O is the midpoint of S’S and Q is midpoint of SR.

Now, in AS’SR and AOSQ ,

SS_RS_2 (since O and Q are midpoints of S’S and RS respectively)

oS 0S 1

ZS’SR is in common

s ASS'R H ‘ AOSQ (2 sides in proportion and included angle equal)

Now, ZS = % (corresponding sides in similar triangles)
S’R=20Q
but S’R=2a
200 =2a
OO=a

OQ is the radius of a circle with centre O and radius a units, which is given by

x> +yr=a’.

—-20 -
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Question 6 (a) (i)

As the acceleration v — 0, the velocity tends to a limiting velocity, called the terminal
velocity. From the equation of motion, this means

as mg—kv2 — 0 then v = v,

2 _mmg
SO Vi =—2>
Tk
mg
Vo =, | —
T k
Question 6 (a) (ii)
mﬂzmg—kv2
dt
v t
J devzjdt
VOmg—kv 0
v
fom dv _vT2 odv aSm_V%
T (moe\ -~ o 22 e
k (mg)_vz g gvi-v kg
v\ k

If v, <v,,then v <v, all the time. So

v
sz dv
r=-- 2_ 2
g vy =V

_ v {(—IH(VT_V))+IH(VT+V)}V

2gv Vo

2
= 2;TVT {ln(VT+V) = In(v; =v) = In(vy+vp) + m(VT_VO)}

it e

If v, > v, ,then v > v, all the time. Then replace v, —v by —(v - vT) in the above

calculation. This leads to the same result.

_21-—
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Question 6 (a) (iii)
3 )
When v, =3v,, v= EVT then for Gil:

“vp X (=2)vp

28 4v, X (—;)VT

1% 5
=L In>  This is the time it takes for Gil’s speed to halve.

1 2
When v, = EVT , V= EVT then for Jac:

5
— Vs X V.
t:V—Tlni3 T 37
2g 4 1
EVT ngT

1% 5
= 2—T In—  This is the time it takes for Jac’s speed to double.
8

Hence in the time when Jac’s speed has doubled, Gil’s speed has halved.

22
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Question 6 (b) (i)
y=(/ ()
¥ =37 ()" x f(x)
There will be a stationary point if y" =0, that is if
3f(x)° £/(x)=0
F(x)=0 or f(x)=0

Hence if #(a)=0 or f’(a)=0 then there is a stationary point at x =a.

Question 6 (b) (ii)

By part (i) y = (f(x))3 has a stationary pointatx =a.As f’(a)#0, f(x) is either strictly

increasing or strictly decreasing near x = a . The same is true for ( f (x)) , 5o there 1s a point

of inflexion at x =a.

Question 6 (b) (iii)

YA

—-23 -
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Question 6 (¢)

Let z=x+iy.Then

1
1+ < 1 .
x+1iy 7
x+iy+1 < 1
x+y |

‘(x+l)+iy‘ < ‘x+iy|

Squaring:
(x+1)2+y2 < xz+y2
2x+1 <0
1
x < ——
2

Alternative solution

Describe region in complex plane given by 1+% <1
1 )
1+E <1 ///
- 14| <4
& 142 <[z

& 1+ 2Rez+|z‘2

PN 2Rez < -1 /
1 /

RS Rez

IN
|
|

_24—
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Question 7 (a)

7 >
7/
1-—x
0 6x/x 1 X

The approximate volume of a typical cylindrical shell is

2 (1-x) f(x)6x
since 27t (1— x)8x is the approximate area of the base and f(x) the height.

Summing over the shells and letting x — 0 .
1

V= 2nJ1(1—x)f(x) = 27rJ (1-x)—"—dx

0 0 1+x

To compute the integral write

2 x—(1+x2)+1

(1—x) x2 = x—x2 = 2
1+x 1+x 1+x
= 1+ !
1+ x2 1+ x2
hence
: 1
V=271,'J x2—1+ ~dx
o 1+x 1+x

=27 %ln(l + x2) —x+tan”} x:|

=2r %ln2—%ln1—1+tan_11—tan_10]

= ol L2114+ %
2 4

—25—
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Question 7 (b) (i)

3 1
cos? (ng cos? (2(4—u))
I=| ————2dx = —-d

: x(x—4) 3 (4-u)(-u)
u=4-x |
- also 0033(2(4 — u)) = cos’ (E — Eu)
x=4-u 8 2 8
dx =—du ' -
= sin? (guj (complementary identity)
3
sin? = u
thus [ = du
u(u—4)
1
3
sin? = x
= | —8 4y (relabelling u as x)
x(x—4)

—-26 —
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Question 7 (b) (ii)
Hence

"30052£x 3sinZEx
21 = —9 dx —9
. x(x—4) . x(x—4)

r3 T .2
COS §x+sm —X

x(x—4)

(8
=
—_
=
|
EaN
~

Il

|

A
A/
P
=

w
|

—
=

W | —
~

I

|

|
—
=
w

- 27 —
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Question 7 (¢) (i)

xZ y2
Intersecting y = mx+c and —+-5 =1;
a” b
2
X (mx + 6)2
St 7 =1
a b

b?x* +a* (mx + c)2 = a’b?

(bz + 1112¢12)x2 +2a*mex +a*c? —a*b? =0

Now / is a tangent, hence the above quadratic must have a double root. That is,

A = (2a2mc)2 - 4(192 + mzaz)az(c2 - bz) =0

a’m?c? = (b2 + mzaz)(c2 - bz)

M = b2c? - p* +M —m?a®b?

=b>—m?a® =0 (dividing by b #0)

Hence A =0 and we have a tangent.

Question 7 (c) (ii)
By the perpendicular distance formula, the distance from § '(ae, 0) tol:—y+mx+c=0is

|mae+c‘

oS
1+ m?

— 28 —
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Question 7 (a) (iii)

‘ (mae + c)(n;ae - C)‘

0Sx Q'S =

1+m
‘mzazez—cz‘

1+ m?

‘ m*ae® —a*m* — b* | ‘ '
= 3 using part (1)
1+m

2 2 b?

m 1— 2 |—a’m? - b?

b2
. 2

= 3 since e =1——2
1+m a

w%f_mzbz_%_bz\

1+ m?

b2

—29_
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Question 8 (a)

:%Jr]xm_l X 2x(x2—1) dx
0
|:1xm_11( 2_1)6:‘1 —ljl(m—l)xm 2 l
27 6 0 0 6
=0 — (m_l)Jlxm_z(x2—1)6dx
2 ),
(m=>2) __ml_;l ;xm_z(xz—l)(xz—l)sdx

_30—
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Question 8 (b) (i)
The number of ways in which 7 balls can be removed from the bag is 77,

The number of ways in which each ball is selected only once is 7!. Therefore the probability

| !
that each ball is chosen once is 7—7 = 6—6' .
7 7

Question 8 (b) (ii)
This is 1— (probability that each ball is selected)

!
which is 1-— % (using part (1)).

Question 8 (b) (iii)

One of the 7 balls is not selected. This ball could be any one of the 7.

Of the 6 that are selected, one must be selected twice. This ball could be any of these 6 balls.
The ball selected twice could be selected in (Zj ways.

The remaining 5 balls can be selected in 5! ways.

So the number of ways of avoiding one ball is 7 X 6 X (;J x5!,

The probability of this occurring is
!
7x6x 1 3x6!

77 73

—-31 -
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Question 8 (¢) (i)
Since fis a root,

B"+a, B+ + aBf +a,=0

ﬁn — _an_]ﬁn—l L a]ﬁ - q,
BI" =

a B+ +af+ ao‘

S‘“;HHMIH +"""‘“1Hm +’a0‘

<M{|B["" 4] B+ 1) « aGP.

Question 8 (c¢) (ii)

L)
Hence ‘ B ‘n <M " [3‘| 3 (using result from part (i))

If | B| > 1 then

BI"(1B-1) < m(|BI"-1)
<M|B"

|B|-1< M (divide by | B[")

1B <1+M

If | B| <1 then | B| < 1+ M is obvious

—-32 -
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Question 8 (d)

Cn

Consider the polynomial P(z)= Z[C—kak

1
Where z=x+—
X

then any root Sof P(z) satisfies | | < 1+ M

¢ c c
where M = max value of | 2|, L], ‘ "_1‘
Cl’l Cl’l ‘Ci’l|
. . Ch
notice M <1 since |—| <1
Cl’l
hence | B| <2 (by part (c))
1 1 e
however, | x+—| = ‘x| + — (if x is real)
x | x|
> 2 (a standard 4 unit inequality)

Therefore P(x) =0,hence S (x) = 0 has no real solution.

Notice that x =0 is not a root of S(x).

—-33 -



